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Preface 



The aim of the present monograph is twofold: 1 ° to provide a Com- 
pendium of Lagrangian and Hamiltonian geometries and 2° to in- 
troduce and investigate new analytical Mechanics: Finslerian, La- 
grangian and Hamiltonian. 

One knows (R. Abraham, J. Klein, R. Miron et al.) that the ge- 
ometrical theory of nonconservative mechanical systems can not be 
rigourously constructed without the use of the geometry of the tan- 
gent bundle of the configuration space. 

The solution of this problem is based on the Lagrangian and Hamil- 
tonian geometries. In fact, the construction of these geometries relies 
on the mechanical principles and on the notion of Legendre transfor- 
mation. 

The whole edifice has as support the sequence of inclusions: 

{M n } C {F n } C {L n } C {GL n } 

formed by Riemannian, Finslerian, Lagrangian, and generalized La- 
grangian spaces. The Jzf — duality transforms this sequence into a sim- 
ilar one formed by Hamiltonian spaces. 

Of course, these sequences suggest the introduction of the corre- 
spondent Mechanics: Riemannian, Finslerian, Lagrangian, Hamilto- 
nian etc. 

The fundamental equations (or evolution equations) of these Me- 
chanics are derived from the variational calculus applied to the inte- 
gral of action and these can be studied by using the methods of La- 
grangian or Hamiltonian geometries. 

More general, the notions of higher order Lagrange or Hamilton 
spaces have been introduced by the present author [161], [162], [163] 
and developed is realized by means of two sequences of inclusions 
similarly with those of the geometry of order 1 . The problems raised 
by the geometrical theory of Lagrange and Hamilton spaces of order 
k > 1 have been investigated by Ch. Ehresmann, W. M. Tulczyjew, 
A. Kawaguchi, K. Yano, M. Crampin, Manuel de Leon, R. Miron, 
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M. Anastasiei, I. Bucataru et al. [175]. The applications lead to the 
notions of Lagrangian or Hamiltonian Analytical Mechanics of order 
k. 

For short, in this monograph we aim to solve some difficult prob- 
lems: 

- The problem of geometrization of classical non conservative me- 
chanical systems; 

- The foundations of geometrical theory of new mechanics: Finsle- 
rian, Lagrangian and Hamiltonian; 

- To determine the evolution equations of the classical mechanical 
systems for whose external forces depend on the higher order acceler- 
ations. 

This monograph is based on the terminology and important re- 
sults taken from the books: Abraham, R., Marsden, J., Foundation of 
Mechanics, Benjamin, New York, 1978; Arnold, V.I., Mathematical 
Methods in Classical Mechanics, Graduate Texts in Math, Springer 
Verlag, 1989; Asanov, G.S., Finsler Geometry Relativity and Gauge 
theories, D. Reidel Publ. Co, Dordrecht, 1985; Bao, D., Chern, S.S., 
Shen, Z., An Introduction to Riemann-Finsler Geometry, Springer 
Verlag, Grad. Text in Math, 2000; Bucataru, I., Miron. R., Finsler- 
Lagrange geometry. Applications to dynamical systems, Ed. Academiei 
Romane, 2007; Miron, R., Anastasiei, M., The geometry of Lagrange 
spaces. Theory and applications to Relativity, Kluwer Acad. Publ. 
FTPH no. 59, 1994; Miron, R., The Geometry of Higher-Order La- 
grange Spaces. Applications to Mechanics and Physics, Kluwer Acad. 
Publ. FTPH no. 82, 1997; Miron, R., The Geometry of Higher-Order 
Finsler Spaces, Hadronic Press Inc., SUA, 1998; Miron, R., Hrimiuc, 
D., Shimada, H., Sabau, S., The geometry of Hamilton and Lagrange 
Spaces, Kluwer Acad. Publ., FTPH no. 118, 2001. 

This book has been received a great support from Prof. Ovidiu 
Carja, the dean of the Faculty of Mathematics from "Alexandru loan 
Cuza" University of Iasi. 

My colleagues Professors M. Anastasiei, I. Bucataru, I. Mihai, M. 
Postolache, K. Stepanovici made important remarks and suggestions 
and Mrs. Carmen Savin prepared an excellent print-form of the hand- 
written text. Many thanks to all of them. 

Iasi, June 201 1 Radu Miron 
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The purpose of the book is a short presentation of the geometrical 
theory of Lagrange and Hamilton spaces of order 1 or of order k > 1 , 
as well as the definition and investigation of some new Analytical 
Mechanics of Lagrangian and Hamiltonian type of order k > 1 . 

In the last thirty five years, geometers, mechanicians and physicists 
from all over the world worked in the field of Lagrange or Hamilton 
geometries and their applications. We mention only some important 
names: P.L. Antonelli [21], M. Anastasiei [10], [11]. G. S. Asanov 
[27], A. Bejancu [38], I. Bucataru [47], M. Crampin [64], R. S. In- 
garden [1 14], S. Ikeda [116], M. de Leon [138], M. Matsumoto [144], 
R. Miron [164], [165], [166], H. Rund [218], H. Shimada [223], P. 
Stavrinos [237], L. Tamassy [247] and S. Vacant [251]. 

The book is divided in three parts: I. Lagrange and Hamilton 
spaces; II. Lagrange and Hamilton spaces of higher order; III. Analy- 
tical Mechanics of Lagrangian and Hamiltonian mechanical systems. 

The part I starts with the geometry of tangent bundle (TM, n,M) 
of a differentiable, real, n— dimensional manifold M. The main geo- 
metrical objects on TM, as Liouville vector field C, tangent structure 
7, semispray S, nonlinear connection N determined by S, N— metrical 
structure D are pointed out. It is continued with the notion of La- 
grange space, defined by a pair L' 1 = (M,L(x,y)) with L : TM — > R as 

a regular Lagrangian and gy = -djdjL as fundamental tensor field. Of 

course, L(x,y) is a regular Lagrangian if the Hessian matrix ||g/ 7 -(.x,y)|| 
is nonsingular. In the definition of Lagrange space L n we assume that 
the fundamental tensor gij(x,y) has a constant signature. The known 
Lagrangian from Electrodynamics assures the existence of Lagrange 
spaces. 

The variational problem associated to the integral of action 



= / L(x,x)dt 



allows us to determine the Euler-Lagrange equations, conservation 
law of energy, <§l, as well as the canonical semispray S of L". But 
S determines the canonical nonlinear connection N and the metrical 
/V— linear connection D, given by the generalized Christoffel symbols. 
The structure equations of D are derived. This theory is applied to the 
study of the electromagnetic and gravitational fields of the space L n . 
An almost Kahlerian model is constructed. This theory suggests to 
define the notion of generalized Lagrange space GL" = [M,g(x,y)), 
where g(x,y) is a metric tensor on the manifold TM. The space GL n 
is not reducible to a space L" . 

A particular case of Lagrange space L n leads to the known con- 
cept of Finsler space F n = (M,F(x,y)). It follows that the geometry 
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of Finsler space F" can be constructed only by means of Analytical 
Mechanics principles. 

Since a Riemann space M n — (M- g(x)) is a particular Finsler space 
F n = (M 1 F(x 1 y)) we get the following sequence of inclusions: 

(I) {M n } C {F n } C {L"} C {GL n }. 

The Lagrangian geometry is the geometrical study of the sequence (I). 

The geometrical theory of the Hamilton spaces can be constructed 
step by step following the theory of Lagrange spaces. The legiti- 
macy of this theory is due to Jr— duality (Legendre duality) be- 
tween a Lagrange space L' 1 = (M,L(x : y)) and a Hamilton space 
H n = (M,H(x,p)). 

Therefore, we begin with the geometrical theory of cotangent bun- 
dle (T*M, n*, M), continue with the notion of Hamilton space H n (M, 
H(x,p)), where H : T*M — > R is a regular Hamiltonian, with the vari- 
ational problem 



/(c) = f 
Jo 



dx' 1 

Pi(t)-^r-^L(x(t),p(t)) 



dt, 



from which the Hamilton-Jacobi equations are derived, Hamiltonian 
vector field of H'\ nonlinear connection N, N* —linear connection etc. 
The Legendre transformation „5f : L" — > H n transforms the fundamen- 
tal geometrical object fields on L n into the fundamental geometrical 
object fields on H". The restriction of J? to the Finsler spaces {F n } 
has as image a new class of spaces &" = (M,K(x,p)) called the Car- 
tan spaces. They have the same beauty, symmetry and importance as 
the Finsler spaces. A pair GH n = (M,g*(x,p)), where g* is a metric 
tensor on T*M is named a generalized Hamilton space. Remarking 
that M* n = (M,g*(x)), with g* lj (x) the contravariant Cartan space, 
we obtain a dual sequence of the sequence (I): 

(II) {!%*"} C K"} C {H n } C {GH n }. 

The Hamiltonian geometry is geometrical study of the sequence II. 

The Lagrangian and Hamiltonian geometries are useful for applica- 
tions in: Variational calculus, Mechanics, Physics, Biology etc. 

The part II of the book is devoted to the notions of Lagrange and 
Hamilton spaces of higher order. We study the geometrical theory of 

the total space of k— tangent bundle T k M, k> 1, generalizing, step by 
step the theory from case k = 1 . So, we introduce the Liouville vec- 
tor fields, study the variational problem for a given integral of action 

on T k M, continue with the notions of k— semispray, nonlinear con- 
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nection, the prolongation to T k M of the Riemannian structure defined 
on the base manifold M. The notion of iV— metrical connections is 
pointed out, too. 

It follows the notion of Lagrange space of order k> 1 . It is defined 

as a pair D k ' n = (M,L(x,y^\y^ 2 \ ...,yW)), where L is a Lagrangian 

depending on the (material point) x — (x l ) and on the accelerations 

1 d k x' 
yW = — — ^, k — l,2,...,k; i — 1,2, ...,n, n — dimM. Some exam- 
k\ at 

pies prove the existence of the spaces LS k > n . The canonical nonlinear 
connection N and metrical iV— linear connection are pointed out. The 

Riemannian almost contact model for LS k ' n as well as the Generalized 
Lagrange space of order k end this theory. 

The methods used in the construction of the Lagrangian geometry 
of higher-order are the natural extensions of those used in the theory 
of Lagrangian geometries of order k=\. 

Next chapter treats the geometry of Finsler spaces of order k > 1 , 

F (k)l = (M,F(x,y {l \ ...,y^)), F : T k M -> R being positive ^-homo- 
geneous on the fibres of T k M and fundamental tensor has a constant 
signature. Finally, one obtains the sequences 

(III) {^"} C {F^ n } C {L^ 1 } C {GL^ n }. 

The Lagrangian geometry of order k > 1 is the geometrical theory of 
the sequences of inclusions (III). 

The notion of Finsler spaces of order k, introduced by the present 
author, was investigated in the book The Geometry of Higher-Order 
Finsler Spaces, Hadronic Press, 1998. Here it is a natural extension to 

the manifold T k M of the theory of Finsler spaces given in Section 3. 
It was developed by H. Shimada and S. Sabau [223]. 

The previous theory is continued with the geometry of k cotangent 

bundle T* k M, defined as the fibered product: T k ^MX M T*M, with the 
notion of Hamilton space of order k > 1 and with the particular case 

of Cartan spaces of order k. An extension to L^ k '" and Zi/w" of the 
Legendre transformation is pointed out. The Hamilton-Jacobi equa- 
tions of W k ' n , which are fundamental equations of these spaces, are 
presented, too. 

For the Hamilton spaces of order k, H^ k >" = (M, H(x,y)( k \ ..., 

y( k ~^\p) a similar sequence of inclusions with (III) is introduced. 
These considerations allow to clearly define what means the Hamil- 
tonian geometry of order k and what is the utility of this theory in 
applications. 

Part III of this book is devoted to applications in Analytical Me- 
chanics. One studies the geometrical theory of scleronomic noncon- 
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servative classical mechanical systems Egg = (M,T,Fe), it is intro- 
duced and investigated the notion of Finslerian mechanical systems 
Ef = (M,F,Fe) and is defined the concept of Lagrangian mechan- 
ical system Ef = (M,L,Fe). In all these theories M is the con- 
figuration space, T is the kinetic energy of a Riemannian space 
M n = (M,g), F(x,y) is the fundamental function of a Finsler space 
F n = (M,F(x,y)), L(x,y) is a regular Lagrangian and Fe(x,y) are the 
external forces which depend on the material points x E M and their 

dx l 
velocities y l = x l = — . 
dt 

In order to study these Mechanics we apply the methods from the 
Lagrangian geometries. The contents of these geometrical theory of 
mechanical systems Egg, Ef and Ef is based on the geometrical theory 
of the velocity space TM. The base of these investigations are the 
Lagrange equations. They determine a canonical semispray, which is 
fundamental for all constructions. For every case of E<%, Ef and Ef 
the law of conservation of energy is pointed out. We end with the 
corresponding almost Hermitian model on the velocity space TM. 

The dual theory via Legendre transformation, leads to the geometri- 
cal study of the Hamiltonian mechanical systems E% = (M, T*,Fe*), 
E^ = (M,K,Fe*) and E* H = (M,H,Fe*) where T* is energy, K(x,p) 
is the fundamental function of a given Cartan space and H(x,p) is a 
regular Hamiltonian on the cotangent bundle T*M. The fundamental 
equations in these Hamiltonian mechanical systems are the Hamilton 
equations 

dx l dJ? d Pi dJ? 1 / 1 



dt dpi ' dt dx l 2 " V 2 

Fi(x,p) being the covariant components of external forces. The used 
methods are those given by the sequence of inclusions {£%*} C j^ 7 "} C 
{H n }c{GH n }. 

More general, the notions of Lagrangian and Hamiltonian mechan- 
ical systems of order k > 1 are introduced and studied. Therefore, to 
the sequences of inclusions III correspond the analytical mechanics 
of order k of the Riemannian, Finslerian, Lagrangian type. All these 
cases are the direct generalizations from case k=\. This is the reason 
why we present here shortly the principal results. Especially, we paid 
attention to the following question: 

Considering a Riemannian [particularly Euclidian) mechanical 

system Egg = (M, T,Fe), with T = -gij(x)x l xJ as energy, but with the 
external forces Fe depending on material point (x') and on higher 
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fdx' d 2 x l d k x'\ 

order accelerations ( — — , —rr, •••• —rr )■ What are the evolution 
\ dt dt 2 dt k ) 

equations of the system Za#? 

Clearly, the classical Lagrange equations are not valid. In the last part 
of this book we present the solution of this problem. 
Finally, what is new in the present book? 

1° A solution of the problem of geometrization of the classical non- 
conservative mechanical systems, whose external forces depend on 
velocities, based on the differential geometry of velocity space. 

2° The introduction of the notion of Finslerian mechanical system. 

3° The definition of Cartan mechanical system. 

4° The study of theory of Lagrangian and Hamiltonian mechanical 
systems by means of the geometry of tangent and cotangent bun- 
dles. 

5° The geometrization of the higher order Lagrangian and Hamilto- 
nian mechanical systems. 

6° The determination of the fundamental equations of the Riemannian 
mechanical systems whose external forces depend on the higher 
order accelerations. 



Parti 
Lagrange and Hamilton Spaces 



The purpose of the part I is a short presentation of the geometrical the- 
ory of Lagrange space and of Hamilton spaces. These spaces are basic 
for applications to Mechanics, Physics etc. and have been introduced 
by the present author in 1980 and 1987, respectively. 

Therefore we present here the general framework of Lagrange and 
Hamilton geometries based on the books by R. Miron [161], [162], 
[163], R. Miron and M. Anastasiei [164], I. Bucataru and R. Miron 
[49] and R. Miron, D. Hrimiuc, H. Shimada and S. Sabau [174]. Also, 
we use the papers R. Miron, M. Anastasiei and I. Bucataru, The ge- 
ometry of Lagrange spaces, Handbook of Finsler Geometry, R L. An- 
tonelli ed., Kluwer Academic; R. Miron, Compendium on the Geom- 
etry of Lagrange spaces, Handbook of Differential Geometry, vol. II, 
pp 438-512, Edited by F. J. E. Dillen and L. C. A. Verstraelen, 2006. 

The geometry of Lagrange space starts here with the study of geo- 
metrical theory of tangent bundle (TM, K,M). It is continued with the 
notion of Lagrange space L n = (M,L(x,y)) and with an important par- 
ticular case the Finsler space F n = (M, F). The Lagrangian geometry 
is the study of the sequence of inclusions (I) from the Preface. 

The geometry of Hamilton spaces follow the same pattern: the ge- 
ometry of cotangent bundle (T*M,n*,M), it continues with the no- 
tion of Hamilton space H n = (M,H(x,p)), with the concept of Cartan 
space ff = (M,K(x,p)) and ends with the sequence of inclusions (II) 
from Introduction. 

The relation between the previous sequences are given by means of 
the Legendre transformation. 

In the following, we assume that all the geometrical object fields 
and mappings are C°— differentiable and we express this by words 
"differentiable" or "smooth". 



Chapter 1 

The Geometry of tangent manifold 



The total space TM of tangent bundle (TM, lt,M) carries some natural 
object fields as Liouville vector field C, tangent structure / and verti- 
cal distribution V. An important object field is the semispray S defined 
as a vector field S on the manifold TM with the property 7(5) = C. 
One can develop a consistent geometry of the pair (TM, S) . 



1.1 The manifold TM 

The differentiable structure on TM is induced by that of the base man- 
ifold M so that the natural projection % : TM — > M is a differentiable 
submersion and the triple (TM,tz,M) is a differentiable vector bun- 
dle. Assuming that Mis a real, n— dimensional differentiable mani- 
fold and (U, q> — (x 1 )) is a local chart at a point x EM, then any curve 
o : / —)• M, (Imc C U) that passes through x at t = is analytically 
represented by x l =x'(t), t El, (p(x) = (jc'(O)), (i,j,... = l,...,n). The 
tangent vector [a] x is determined by the real numbers 

*W(o),y=^(o). 

Then the pair (%- l (U),<P), with <P([a] x ) = (x f ,/) E R 2n , \f[a] x E 
7t~ [ (U) is a local chart on TM. It will be denoted by (n (U),(j) = 
(x l ,y 1 )). The set of these "induced" local charts determines a differ- 
entiable structure on TM such that % : TM — > M is a differentiable 
manifold of dimension In and (TM,tz,M) is a differentiable vector 
bundle. 
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A change of coordinate on M, (U, <p = x') — > (V, ty/ = x l ) given by 



x l = x'(xJ), with rank 



r-UTT\ rK- 



has the corresponding change of 



coordinates on TM: (tt -1 (U),& = (>',/)) ->■ (w- 1 (V),«P= (JP,f )), 
(t/nV 7^0), given by: 



i i =x'(x- / ), rank 









(1.1.1) 



: — - > 0. So the manifold TM is 



The Jacobian of W <P l is det I 

\ox J J 

orientable. 

The tangent space T U TM at a point u G TM to TM is a 2n—di- 

mensional vector space, having the natural basis < ■— , — r > at u. A 

change of coordinates (1.1.1) on TM implies the change of natural 
basis, at point u as follows: 



f d _ dxJ d dyj d 
dx l dx l dxJ dx l dyj 

d dxJ d 



(1.1.2) 



k dy l dx' dyj 



A vector X u e T U TM is given by X = X'(u)— + Y'(u)—. Then a 

dx' ay 1 

vector field X on TM is section X : TM — > TTM of the projection 

n* : TTM -> TM. This is n*(x,y,X,Y) = (x,y). 

From the last formula (1.1.2) we can see that I -r— ? ) at point 

\dy l J 

u G TM span an n— dimensional vector subspace V(u) of T U TM. The 

mapping V : u E TM — > V(u) C T U TM is an integrable distribution 

called the vertical distribution. Then V TM = I) V (u) is a subbundle 

H em 
of the tangent bundle (7TM, n*(u) , TM) to TM. As % : TM -> M is a 
submersion it follows that tt* M : T U TM —$■ T K t u \M is an epimorphism 
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of linear spaces. The kernel of n* u is exactly the vertical subspaces 
V(u). 

We denote by 3£ V (TM) the set of all vertical vector field on TM. It 
is a real subalgebra of Lie algebra of vector fields on TM, ^ '(TM). 

Consider the cotangent space T*TM, u E TM. It is the dual of space 
T U TM and (dx l ,dy') u is the natural cobasis and with respect to (1.1.1) 
we have 

dx l = -z—^dx^dy 1 = -^-^dy J + -^-^dx J . (1.1.3) 

ox J ox J ox J 

The almost tangent structure of tangent bundle is defined as 

d 

j= —®dx l (1.1.4) 

oy l 

By means of (1.1.2) and (1.1.3) we can prove that J is globally 
defined on TM and that we have 

] {^)=h' ] %) =0 - (U - 4,) 

It follows that the following formulae hold: 

J 2 = J o J = 0, KerJ = IwJ = VTM. 
The almost cotangent structure J* is defined by 

J* = j x '(g) 

ay' 

Therefore, we obtain 

J*(dx i )=0J*(dy i )=dx i . 
The Liouville vector field on TM = TM \ {0} is defined by 

C = ,'A. (1.1.5) 

It is globally defined on TM and C ^ 0. 

A smooth function / : TM — > R is called r E Z homogeneous with 

respect to the variables y l if, f(x,ay) = a r f(x,y), Va E M + . The Eu- 
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ler theorem holds: A function f E JP(TM) differentiable on TM is r 
homogeneous with respect to y l if and only if 

J?cf = Cf = y'^- = rf, (1.1.6) 

J&C being the Lie derivation with respect to C. 

A vector field X e &(TM) is r— homogeneous with respect to y l if 
£> C X = (r-l)X, where ^ C X = [C,X]. 

Finally an 1-form CO G 3£*{TM) is r— homogeneous if J£<£(Q = rco. 

Evidently, the notion of homogeneity can be extended to a tensor 
field T of type (r, s) on the manifold TM. 



1.2 Semisprays on the manifold TM 

The notion of semispray on the total space TM of the tangent bundle 
is strongly related with the second order differential equations on the 
base manifold M: 

d 2 x' ; ( dx\ 

w + 2G'(x,-yO. (1.2.1) 

Writing the equation (1.2.1), on TM, in the equivalent form 

g +2G W) = o,y = f d.2.2) 

we remark that with respect to the changing of coordinates (1.1.1) on 
TM, the functions G l (x, y) transform according to: 

2G '=w 2GJ -^- (L2 - 3) 

But (1.2.2) are the integral curve of the vector field: 

S = y l ^- i -2G i {x,y)^- i (1.2.4) 
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By means of (1.2.3) one proves: S is a vector field globally defined 
on TM. It is called a semispray on TM and G l are the coefficients of 
S. 

S is homogeneous of degree 2 if and only if its coefficients G' are 
homogeneous functions of degree 2. If S is 2-homogeneous then we 
say that S is a spray. 

If the base manifold M is paracompact, then on TM there exist 
semisprays. 



1.3 Nonlinear connections 

As we have seen in the first section of this chapter, the vertical dis- 
tribution V is a regular, n-dimensional, integrable distribution on TM. 
Then it is naturally to look for a complementary distribution of VTM. 
It will be called a horizontal distribution. Such distribution is equiva- 
lent with a nonlinear connection. 

Consider the tangent bundle (TM,K,M) of the base manifold M 
and the tangent bundle {TTM,n*,TM) of the manifold TM. As we 
know the kernel of tt* is the vertical subbundle (VTM,Ky,TM). Its 
fibres are the vertical spaces V(u), u E TM. 

For a vector field X £ 3£{TM), in local natural basis, we can write: 

X = X<( x ,y)JL + Y>(*,y)-l,. 

Shorter X = (x\y i ,X i J 1 ). 

The mapping 7T* : TTM —> TM has the local form n*(x,y,X,Y) = 
(x,X). The points of the submanifold VTM are of the form (x, y, 0, Y) . 

Let us consider the pull-back bundle 

n*(TM) = TMx K TM = {(u,v) eTMx TM\k(u) = tt(v)}. 

The fibres of n*(TM), i.e., n* t (TM) are isomorphic to T n ^M. 
Then, we can define the following morphism k\ : TTM — y n*(TM) 
by k\(X u ) = (w, tt v ,(X,)). Therefore we have 

keryr! = ker?!* = VTM. 

We can prove, without difficulties that the following sequence of vec- 
tor bundles over TM is exact: 

— > VTM^TTM^7t*(TM) — ► (1.3.1) 
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Thus, we can give 



Definition 1.3.1. A nonlinear connection on the tangent manifold TM 
is a left splitting of the exact sequence (1.3.1). 

Consequently, a nonlinear connection on TM is a vector bundle 
moronism C : TTM — > VTM, with the property that Co i = lyjM- 

The kernel of the morphism C is a vector subbundle of the tangent 
bundle (TTM,7t*,TM) denoted by (NTM,K N ,TM) and called the 
horizontal subbundle. Its fibres N(u) determine a regular n-dimensional 
distribution N : u E TM — > N(u) C T U TM, complementary to the ver- 
tical distribution V : u E TM ->■ V(u) C T U TM i.e. 

T u TM=N(u)®V(u),\/uETM. (1.3.2) 

Therefore, a nonlinear connection on TM induces the following Whit- 
ney sum: 

TTM = NTM®VTM. (1.3.2') 

The reciprocal of this property is true, too. 

An adapted local basis to the direct decomposition (1.3.2) is of the 

form ( — - , ^— I , where 

8 d ,• N d 



, (i = 1, ...,n) are vector fields that belong to N(u). 



u 



and — - 
ox 1 

They are n— linear independent vector fields and are independent 
from the vector fields I --^ ) (i — 1, ...,n) which belong to V(u). 

\ d y'Ju 

The functions N- (x, y) are called the coefficients of the nonlinear 
connection, denoted in the following by N. 

Remarking that 7T V , : T U TM —> T n ^M is an epimorphism the re- 
striction of 7T* )l( to N(u) is an isomorphism from N(u) so T n ^M. So 
we can take the inverse map If, u the horizontal lift determined by the 
nonlinear connection N. 

8 

Consequently, the vector fields 



8x l 



can be given in the form 



8x'J u ' u \dx l /7l 
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With respect to a change of local coordinates on the base manifold M 

d dxJ 9 
we have -^ = -zr-^^—r. 
ox' ox' ox J 

f 8 \ 
Consequently — — are changed, with respect to (1.1.1), in the 

\ S *Ju 

form 

sj^^w (L3 - 4) 

It follows, from (1.3.3), that the coefficients N'Ax,y) of the nonli- 
near connection N, with respect to a change of local coordinates on 
the manifold TM, (1.1.1) are transformed by the rule: 

^N k =N J ^ + ^- (13 5) 

dx* ' k dx i + dx r ( } 

The reciprocal property is true, too. 

We can prove without difficulties that there exists a nonlinear con- 
nection on TM if M is a paracompact manifold. The validity of this 
sentence is assured by the following theorem: 

Theorem 1.3.1. If S is a semispray with the coefficients G'(x,y) then 
the system of functions 

r)C' 

N i J (x,y) = ^ J (1.3.6) 

is the system of coefficients of a nonlinear connection N. 

d dx> d 
Indeed, the formula (1.2.3) and ■=— : = -^^-^ give the rule of 

ay 1 ox 1 oyJ 

transformation (1.3.5) for M- from (1.3.6). 

The adapted dual basis {dx ] , 8y 1 } of the basis I -j^,-=r^ I has the 
1 -forms 8y l as follows: 

8y l = dy l +N)dx j . (1.3.7) 

With respect to a change of coordinates, (1.1.1), we have 

<93?' ■ (95? ■ 

d? = ^dx ] 1 8J = ^r-8yK (1.3.7') 

dxJ y dxJ 
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Now, we can consider the horizontal and vertical projectors h and v 
with respect to direct decomposition (1.3.2): 

£ -\ 

h = —®dx\ v = — ®5/. (1.3.8) 

ox 1 ay 1 

Some remarkable geometric structures, as the almost product P and 
almost complex structure F, are determined by the nonlinear connec- 
tion N: 

F=^®dx i -^®8y i = h-v. (1.3.9) 

ox 1 ay 1 

^= ®§f- ®dx l . (1.3.9') 

ox 1 oy l 

It is not difficult to see that P and F are globally defined on TM and 

PoP = /J, FoF =-/</. (1.3.10) 

With respect to (1.3.2) a vector field X G J%~(TM) can be uniquely 
written in the form 

X = hX + vX=X H +X v (1.3.11) 

with X H = hX and X v = vX. 

An 1-form a e ^*(TM) has the similar form 

CO = hco + vco, 

where hco(X) = co(X H ), vco(X) = co(X v ). 

A J— tensor field T on TM of type (r, s) is called a distinguished 
tensor field (shortly a d— tensor) if 

T(a>i,...,<D r ,Xi,...,X s ) =T(eia>i,...,e r (Or,eiXi,...,e s X s ) 

where £i,...,£ r ,... are h or v. 

Therefore hX = X H , vX — X v , hco = co H , vco = co v are J-vectors 

/ 8 d \ 

or d— covectors. In the adapted basis -=-^,^r^ we have 

F \8x l dy'J 

and 
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11 



0) H = (Oj(x,y)dx j , a> v = (Oj8y } '. 

A change of local coordinates on TM : (x,y) — » (x,y) leads to the 
change of coordinates of X H ,X V , (0 H , C0 V by the classical rules of 



transformation: 






ft). 



~dx~J 



ft), etc. 



So, a J— tensor T of type (r : s) can be written as 



8y 



J.v 



(1.3.12) 



A change of coordinates (1.1.1) implies the classical rule: 
fh-h (7 ^^ ^_ d^_d*^_ dx ks _ hl ... h2 

h-js^y) dx h x - dx h r dxh ■■■ dp. ki...k, ■ 



(1.3.12') 



Next, we shall study the integrability of the nonlinear connection N 
and of the structures P and F. 
8 



Since -=— ; i = 1, ...,n is an adapted basis to N, according to the 

Frobenius theorem it follows that ,/V is integrable if and only if the Lie 

8 8 

, i,j — 1, ...,n are vector fields in the distribution 



brackets 
N. 



8x i: 8xJ 
But we have 



_8_ _8_ 
8x v 8xJ 



A J 



where 



RK 



U dy h 

8Nf 8N 1 ] 
lJ ~~8xT~ 17' 



(1.3.13) 



(1.3.13') 



It is not difficult to prove that /?*. are the components of a J— tensor 

field of type (1,2). It is called the curvature tensor of the nonlinear 
connection ,/V. 
We deduce: 

Theorem 1.3.2. The nonlinear connection N is integrable if and only 
if its curvature tensor R } }- vanishes. 



The weak torsion t\- of N is defined by 
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, dN h dN h . 
It is a d-tensor field of type (1,2), too. We say that N is a symmetric 



IU1MU11 ,* 

Now is not difficult to prove: 



nonlinear connection if its weak torsion tf- vanishes. 



Theorem 1.3.3. 1° The almost product structure P is integrable if and 
only if the nonlinear connection N is integrable; 

2° The almost complex structure F is integrable if and only if the non- 
linear connection N is symmetric and integrable. 

The proof is simple using the Nijenhuis tensors A/jp and Afc. For A/p 
we have the expression 

N ¥ (X ,Y) =F 2 [X ,Y] + [FX ,Py]-P[PX ,Y]-F[X ,PY],VX ,Y e %{TM). 

Also we can see that each structure P or F characterizes the nonlin- 
ear connection N. 

Autoparallel curves of a nonlinear connection can be obtained 
considering the horizontal curves as follows. 

A curve c : t G / C R — > (x l (t) 7 y l (t)) G TM has the tangent vector c 
given by 

h I/ dx l 8 8y' d , n „ 

^ + ^= *57 + lF3y (13 ' 15) 

where 

The curve c is a horizontal curve if c =0 or — = 0. 

dt 

Evidently, if the functions x'(t),t G / are given and y l (t) are the so- 
lutions of this system of differential equations, then we have an hori- 
zontal curve x l = x'(t), y l = y'(t) in TM with respect to N. 

dx l 
In the case y' = — , the horizontal curves are called the autoparallel 
dt 
curves of the nonlinear connection N. They are characterized by the 
system of differential equations 

dy l ,„/ \dxi n ; dx l , t „ ^^ 

_Z. +W . ( „)_ =0 , y= (1.3.16) 
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A theorem of existence and uniqueness can be easy formulated for 
the autoparallel curves of a nonlinear connection N given by its coef- 
ficients N'j (x, y) . 



1.4 AMinear connections 

An AMinear connection on the manifold TM is a special linear con- 
nection D on TM that preserves by parallelism the horizontal distri- 
bution N and the vertical distribution V. We study such linear connec- 
tions determining the curvature, torsion and structure equations. 
Throughout this section N is an a priori given nonlinear connection 

with the coefficients M. 

Definition 1.4.1. A linear connection D on the manifold TM is called 
a distinguished connection (a d-connection for short) if it preserves by 
parallelism the horizontal distribution N. 

Thus, we have Dh = 0. It follows that we have also: Dv = and 

DP = 0. 

If Y = Y H + Y V we get 

D X Y = (D X Y H ) H + (D X Y V ) V , \/X,Yex(TM). 

We can easily prove: 

Proposition 1.4.1. For a d-connection the following conditions are 
equivalent: 
\°DJ = 0; 

2° D¥ = 0. 

Definition 1.4.2. A d-connection D is called an N -linear connection if 
the structure J (or F) is absolute parallel with respect to D, i.e. DJ = 0. 

In an adapted basis an iV-linear connection has the form: 



n — -rh—- n — jh d 

ildx' L 'J8x^ U ijdy' L '-idy»- 

S h 8 d , d 



(1.4.1) 



^7 5*' ,j 5jc /j ' ^7 dy lJ dy 



.ir 



The set of functions DT = (Nj(x,y),Lf-(x,y),Cfj(x,y)) are called 
the local coefficients of the jV— linear connection D. Since Af is fixed 
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we denote sometimes by DT (N) = (ZA (x,y), Cf '■ (x, y) ) the coefficients 
ofD. 

fdN h \ 
For instance the E>r(N) = I -5—^,0 I are the coefficient of a spe- 
cial N— linear connection, derived only from the nonlinear connection 
N. It is called the Berwald connection of the nonlinear connection N. 

fdN h \ 
We can prove this showing that the system of functions -=— - has 

V oy 1 J 
the same rule of transformation, with respect to (1.1.1), as the coef- 
ficients ZA. Indeed, under a change of coordinates (1.1.1) on TM the 

coefficients (L^Cfy axe transformed by the rules: 

~, dx* dx p dx? d 2 x* dx p dx? 
i}, = —Li 



l] dx s pq dx l dxJ dxP dxfl dx l dxJ 

~ h dx^ dxPdJ*_ 

l J dx* pq dx'dxJ' 



(1.4.2) 



So, the horizontal coefficients Zi ! , of D have the same rule of trans- 

formation of the local coefficients of a linear connection on the base 
manifold M. The vertical coefficients Cf, are the components of a 

(l,2)-type d-tensor field. 

But, conversely, if the set of functions (L l - k (x,y),C l - k (x,y)) axe 

given, having the property (1.4.2), then the equalities (1.4.1) deter- 
mine an N— linear connection D on TM. 

For an N— linear connection D on TM we shall associate two op- 
erators of h— and v— covariant derivation on the algebra of d— tensor 
fields. For each X E %(TM) we set: 

D$Y = D X «Y, D%f = X H f, Wex(TM),\/fe^(TM). 

(1.4.3) 
If (0 £ X*(TM), we obtain 

(r4(Q)(Y)=X H (co(Y))-co(D»Y). (1.4.3') 

So we may extend the action of the operator D% to any d-tensor field 
by asking that D% preserves the type of d-tensor fields, is IR-linear, 
satisfies the Leibniz rule with respect to tensor product and commutes 
with the operation of contraction. D% will be called the h-covariant 
derivation operator. 

In a similar way, we set: 
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D v x Y = D x vY, D v x f = X v (f), Wex(TM), Vfe&{TM). (1.4.4) 

and 

D v x co =X v {(0{Y)) - (0{D v x Y), Vw 6 x{TM). 

Also, we extend the action of the operator D x to any d-tensor field 
in a similar way as we did for D x . D x is called the v-covariant of 
derivation operator. 

Consider now a d-tensor T given by (1.3.12). According to (1.4.1) 
its h— covariant derivation is given by 

D^T = X k T iv " ir l ,—^ <g> •• • ® — -r- ®dx h <8> ■ ■ -®dx js (1.4.5) 
A jvjs\k§ x n dfr 

where 

vj,i\—i r 

jl-js\k § x k "^ P& A -A " i "' " _l " pfc ji-j, (1.4.5') 

rP jiivh _... rP j'ivh 

j\k pjr-js j s k jl-Js-lP' 

The v-covariant derivative D X T is as follows: 

D X T= X k T^::'f Ijt—- ® . . . <g) __ ® rf^'i <g> • • • <g> ^ , (1.4.6) 

71 .As ft x l\ fjyh 

where 



. . dTfJ 

1 iVh\ k ~ dyk ^^Pk'jvj* ^""^^P^h-js 

/">P r r l l'" l r /^P f T< l l'" l r 

j\k PJVJs jrk jl-js-lp' 



(1.4.6') 



For instance, if g is a d-tensor of type (0,2) having the components 
gij(x,y), we have 

_ %y r p _ r p 

(1.4.7) 
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For the operators "i" and "|" we preserve the same denomination of 

h— and v—co variant derivations. 

The torsion T of an AMinear is given by: 



T(X,Y)=D x Y-D Y X-[X,Y],VX,Yex(TM). 



(1.4.8) 



{ r 



The horizontal part hT(X, Y) and the vertical one vT(X,Y), for X £ 
X H ,X V } and Y £ {Y H \Y V } determine five d-tensor fields of torsion 



H vHiH 



[X»,Y 



(hT(X H J H ) =D%Y H -D»X H 
vT (X H ,Y H ) = -v[X H ,Y H ] v , 

hT(X H J v ) = -D v Y X H -{X H J v ] v , 
vT(X H J v )=D»Y v -[X H 1 Y v } v J 

I vT(X v , Y v ) = D V X Y V -D V Y X V - [X V J V } V . 



(1.4.9) 



With respect to the adapted basis, the components of torsion are as 
follows: 



_5_ _8_ 
8x v 8xi 

d_ _5_ 

dy'dxJ 

_d_ _5_ 

dy'dx^ 

f d d 
{jty'dyJ 



hT 



hTl -=-, 



vT 



vT ^ 



"dy k ' 

s*A 

j'dy^ 



_5_ _5_ 

8x r 8xJ 



Rk ±. 

J l dy k ' 



(1.4.9') 



where C- k are the v— coefficients of D, R'- k is the curvature tensor of 
the nonlinear connection N and 



T\ = ZA, 



L kji* jk 



C 'jk- C 'kj, P )k 



dN) 



V 

L ky 



(1.4.10) 



0. 



jk ^jk ^kp" jk ^jk ^kji* jk ^ k 

The A/— linear connection D is said to be symmetric if T'- k = S l jk 
Next, we study the curvature of an AMinear connection D: 
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R{X,Y)Z=D X D Y Z-D Y D X Z-D [XY] Z, \/XJ 7 Zex(TM). (1.4.11) 

As D preserves by parallelism the distribution iV and V it follows that 
the operator R (X,Y) = D X D Y — D Y D X — Dpfyi carries the horizontal 

vector fields Z w into horizontal vector fields and vertical vector fields 
into verticals. Consequently we have the formula: 

R(X,Y)Z = hR(X,Y)Z H +vR(X,Y)Z v , \/XJ,Z € %{TM). 

Since R(X,Y) = -R(Y,X), we obtain: 

Theorem 1.4.1. The curvature R of a N -linear connection D on the 
tangent manifold TM is completely determined by the following six 
d-tensor fields: 

{ R(X H ,Y H )Z H = DHlrfZ" -DytD^Z" -D [x hj H] Z h , 
R(X H ,Y H )Z V = D^Z V -D^D^Z V -D [x h jH] Z v , 
R(X V J H )Z H = D V X D^Z H -D^D V X Z H -D [x vj H] Z H , 
R(X V ,Y H )Z V = D v x D y I Z v -D Y 'D v x Z v -D [x v? H] Z v , 
R(X V ,Y V )Z H = D v x D\Z H -D v Y D v x Z H -D [x v jV] Z H , 
R(X V \Y V )Z V =D V X D V Y Z V -D V Y D V X Z V -D [x v jV] Z v . 

As the tangent structure J is absolute parallel with respect to D we 
have that 

JR(X,Y)Z = R(X,Y)JZ. 

Then R(X, Y)Z has only three components 

R(X H , Y H )Z H , R(X V , Y H )Z H ,R(X V , Y V )Z H . 
In the adapted basis these are: 



(1.4.12) 
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d 8 \ 8 .5 

R[ d?'M)sj~ h v~te' (1A13) 

\dy k, dyJj8x h hk J8x r 

The other three components are obtained by applying the operator J 

8 8 \ d . d 



to the previous ones. So, we have R -— r, -^— r ^— r = R/ n -^—r etc. 
F \8x h, 8xJjdy h h J k dy h 

Therefore, the curvature of an N— linear connection DT = (NpL l - k , C l - k ) 

has only three local components RJ r - k , P h l - k and S£ = k . They are given 

by 

8U hj srt 

p i "J _ nk I j s Ti _ j s j i I /~>i ns . 

K hjk~ 5x k § x j -rHjHk l mS +l 'A'^' 

P kJk = ^-CS^ + CJJ%i (1A14) 

v i "j hk_ _i_ /~is rn /-•s r^i 

^hik- dy k fa] ^^hj^Sk ^hk^SJ- 

If X l (x,y) are the components of a J- vector field on TM then from 

(1.4.12) we may derive the Ricci identities for X 1 with respect to an 
AMinear connection D. They are: 

vi vi vsr> i vi ts vil r>s 

X \j\k~ X \k\j ~ XR s jk- X \s T jk- X \S R jk' 



\J 



k 



kj= xs Ps l jk- x ;C^-X%P^ (1.4.15) 



A \j\k- A \k\j-* ^sjk~ A \^ jk- 

We deduce some fundamental identities for the N— linear connec- 
tion D, applying the Ricci identities to the Liouville vector field 

C = y'^-^. Considering the d-tensors 
ay 1 

D) = y\ p d i j =y\ j (1.4.16) 
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called h— and v— deflection tensors of D we obtain: 

Theorem 1.4.2. For any N -linear connection D the following identi- 
ties hold: 

D l k\h -D\\k = y s R s ' kh -D' s T s kh - d' s R s kh, 

D\\ h - d\\ k = y s Pj kh - D\C s kh - d l s P s kh , (1 .4. 17) 

d l k\h — d l h\k = ySskh ~ d' s S S kh- 

Others fundamental identities are the Bianchi identities, which are 
obtained by writing in the adapted basis the following Bianchi identi- 
ties: 



(1.4.18) 



Z[D X T(Y,Z)-R(X,Y)Z + T(T(X,Y),Z)] = 0, 

E[(D X R)(U,Y,Z)+R(T(X,Y),Z)U]=0, 

where Z means cyclic summation over X,Y,Z. 

1.5 Parallelism. Structure equations 

Let Dr(N) = (L l - k ,C l - k ) be an //-linear connection and the adapted 

As we know, a curve c :t E I — >■ (x'(t),y'(t)) E TM, has the tangent 

h v ■ ,~. , ^ • dx' 8 8y' d 

vector c = c +c given by (3.15), i.e. c = — —-^ H — r"=r~ : - The 

dt ox' dt dy' 

8V 
curve c is horizontal if — = 0, and it is an autoparallel curve with 

dt 

8y' dx' 

respect to the nonlinear connection N if — = 0, y = — . 

dt dt 

We set 

^=D d X,DX = ^dt,VXex(TM). (1.5.1) 

dt dt 

DX 

Here is the covariant differential along the curve c with respect to 

dt 
the the AMinear connection D. 
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Setting X = X H +X V , X H = X 1 —, X v = X 1 — we have 

ox' ay 1 

DX DX H DX V 

+ 



dt dt dt 

i dx \yi\ 8yk \ 5 4-1 yi dxk 4-yi\ 5yk 



(1.5.2) 



Consider the connection 1 -forms of D: 

a i j =lJ jk dx k + C i jk 8y k . (1.5.3) 

DX 

Then takes the form 

dt 



dt i dt dt J 8x l i dt dt J dy 

The vector field X on TM is said to be parallel along the curve 

DX 

c, with respect to the Af-linear connection D(N) if = 0. Using 

dt 

DX DX H DX V 

(1.5.2), the equation = is equivalent to = 0, = 0. 

dt dt dt 

According to (1.5.4) we obtain: 

Proposition 1.5.1. The vector field X = xi—i+P— from x(TM) 

ox' ay' 

is parallel along the parametrized curve c in TM, with respect to the 
~N -linear connection DT{N) = (L'- k ,C'- k ) if and only if its coefficients 

X'(x(t),y(t)) and X'(x(t),y(t)) are solutions of the linear system of 
differential equations 

A theorem of existence and uniqueness for the parallel vector fields 
along a curve c on the manifold TM can be formulated on the classical 
way. 

The horizontal geodesic of D are the horizontal curves c : / — > TM 

dx' . ■ 8y' 
with the property D^c = 0. Taking X' = ——, X' = —— = we get: 

dt dt 
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Theorem 1.5.1. The horizontal geodesies of an N -linear connection 
are characterized by the system of differential equations: 

d 2 x' ; , . d%i dx k n dy l ,■ , , dx-* 

Now we can consider a curve c\ Q on the fibre T X{) M = %~ x (xq). It is 
represented by 

x i =x i ,y i = y i (t),tel, 

cl Q is called a vertical curve of TM at the point xq E M. 

The vertical geodesic of D are the vertical curves c v x with the prop- 

ert y *V* = °- 

Theorem 1.5.2. The vertical geodesies at the point xq G M, of the N- 
linear connection Dr(N) = (L'- k ,C'- k ) are characterized by the fol- 
lowing system of differential equations 

Obviously, the local existence and uniqueness of horizontal or ver- 
tical geodesies are assured if initial conditions are given. 

Now, we determine the structure equations of an AMinear connec- 
tion D, considering the connection 1-forms 0)' L (1.5.3). 

First of all, we have: 

Lemma 1.5.1. The exterior differential of 1-forms 8y' = dy' +N l jdx^ 
are given by: 

d ( 8f) = -R { js dx s A dx j + B l js 8y s Adx j (1.5.7) 

where 

dN 1 , 
** = -%?■ d.5.7') 

Remark 1.5.1. B' ^ are the coefficients of the Berwald connection. 

Lemma 1.5.2. With respect to a change of local coordinate on the 
manifold TM, the following 2-forms 



d(dx') - dx s A co l s ;d{8y l ) - 8y s A co 
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transform as the components of a d-vector field. 
The 1-forms 

dco'j - 03 s j A CO' s 
transform as the components of a d-tensor field of type (1,1). 

Theorem 1.5.3. The structure equations of an N -linear connection 
Dr(N) = (L'- k ,C'- k ) on the manifold TM are given by 

, ; ■ <°)- 

d{dx') -dx s A(o' s = -Q' 

,c % «. W- (1-5-8) 

d(8y')-8y s Aco' s = -Q' 

dco'j - CO S j A Cd' s = -Q'j 

(0). (i). 

where Q.' and Q.' are the 2-forms of torsion: 

(o) l 

q ' = -T' jk dx J A dx k + C' jk dx J A 8y k 

(!) 1 1 

42 ' = -R' jk dxJ A dx k + P' jk dxJ A 8y k + -S' jk 8y J A 8y k 



(1.5.9) 



and the 2-forms of curvature Q'j are given by 

Q'j = ^RJ kh dx k Adx il +P J i kh dx k A8y h + ^SJ kh 8yJ A8y h . (1.5.10) 

Proof. By means of Lemma (1.5.2), the general structure equations of 
a linear connection on TM are particularized for an AMinear connec- 
tion D in the form (1.5.8). Using the connection 1-forms co'j (1.5.3) 

(o). (i). 
and the formula (1.5.7), we can calculate the forms Q', Q' and Q' j. 

Then it is very easy to determine the structure equations (1.5.9). 

Remark 1.5.2. The Bianchi identities of an /V-linear connection D can 
be obtained from (1.5.8) by calculating the exterior differential of 
(1.5.8), modulo the same system (1.5.8) and using the exterior dif- 

(o). (i). 
ferential of Q' Q' and Q' f . 



Chapter 2 
Lagrange spaces 



The notion of Lagrange spaces was introduced and studied by the 
present author. The term "Lagrange geometry" is due to J. Kern, [121]. 
We study the geometry of Lagrange spaces as a subgeometry of the 
geometry of tangent bundle (TM,n,M) of a manifold M, using the 
principles of Analytical Mechanics given by variational problem on 
the integral of action of a regular Lagrangian, the law of conservation, 
Nother theorem etc. Remarking that the Euler - Lagrange equations 
determine a canonical semispray S on the manifold TM we study the 
geometry of a Lagrange space using this canonical semi-spray S and 
following the methods given in the first chapter. 

Beginning with the year 1987 there were published by author, alone 
or in collaborations, some books on the Lagrange spaces and the 
Hamilton spaces [174], and on the higher-order Lagrange and Hamil- 
ton spaces [161], as well. 



2.1 The notion of Lagrange space 

First we shall define the notion of differentiable Lagrangian over the 

tangent manifold TM and TM = TM \ {0}, M being a real n— dimen- 
sional manifold. 

Definition 2.1.1. A differentiable Lagrangian is a mapping L : (x,y) E 

TM — > L(x,y) E R, of class C°° on TM and continuous on the null 
section : M -)• TM of the projection % : TM ->■ M. 

The Hessian of a differentiable Lagrangian L, with respect to y l , has 
the elements: 

1 d 2 L 

^=2W (2 - L1) 
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Evidently, the set of functions gij(x,y) are the components of a d- 
tensor field, symmetric and covariant of order 2. 

Definition 2.1.2. A differentiable Lagrangian L is called regular if: 

TSBk{gij{x,y)) = n, onTM. (2.1.2) 

Now we can give the definition of a Lagrange space: 

Definition 2.1.3. A Lagrange space is a pair L n = (M,L(x,y)) formed 
by a smooth, real n-dimensional manifold M and a regular Lagrangian 
L(x,y) for which the J-tensor gy has a constant signature over the 

manifold TM. 

For the Lagrange space L n = (M,L(x,y)) we say that L(x,y) is the 
fundamental function and gjj(x,y) is the fundamental (or metric) ten- 
sor. 

Examples. 

1° Every Riemannian manifold (M,gij(x)) determines a Lagrange 
space L n = (M,L(x,y)), where 

L(x,y)= glj (x)yy. (2.1.3) 

This example allows to say: 

If the manifold M is paracompact, then there exist Lagrangians 
L(x,y) such that L n = (M,L(x,y)) is a Lagrange space. 
2° The following Lagrangian from electrodynamics 

L(x,y) = mcYu(x)y l y j + —A^y' + <&(x), (2.1 A) 

J m 

where Yu( x ) ^ s a pseudo-Riemannian metric, Aj(x) a covector field and 
'W (x) a smooth function, m, c, e are physical constants, is a Lagrange 
space L n . This is called the Lagrange space of electrodynamics. 

We already have seen that gij(x,y) from (2.1.1) is a d-tensor field, 
i.e. with respect to (1.1.1), we have 

~ ,~ ~ dx h dx k , . 

Now we can prove without difficulties: 

Theorem 2.1.1. For a Lagrange space L n the following properties 
hold: 
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l°The system of functions 

1 dL 



Pi ~2dy 



determines a d-covector field. 
2° The functions 



Q 



ijk 



1 d 3 L _ 1 dgjj 
4 dydyidy k 2 dy k 



are the components of a symmetric d— tensor field of type (0, 3). 
3° The 1-form 

(O =ptdx l = -^-^dx l (2.1.5) 

2dy' 

depend on the Lagrangian L only and are globally defined on the 

manifold TM 
4° The 2-form 

6 = d(0 = dpiAdx i (2.1.6) 

is globally defined on TM and defines a symplectic structure on 
TM. 



2.2 Variational problem. Euler-Lagrange equations 

The variational problem can be formulated for differentiable La- 
grangians and can be solved in the case when the integral of action 
is defined on the parametrized curves. 

Let L : TM — > R be a differentiable Lagrangian and c : t 6 [0, 1] — > 
(x l (t)) e U C M be a smooth curve, with a fixed parametrization, hav- 
ing Imc C U, where U is a domain of a local chart on the manifold M. 

The curve c can be extended to %~ x (U) C TM by 

dx i 

c:te[0,l]^(x'(t),—(t))en- l (U). 

So,ImcC7t- l (U). 

The integral of action of the Lagrangian L on the curve c is given 
by the functional: 
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1(c) = f L[x^)dt. (2.2.1) 



/o \ dt J 

Consider the curves 

c £ :te [0, 1] -> (**(*) + £V ! '(r)) e M (2.2.2) 

which have the same end points x l (0) and jc'(I) as the curve c, V l (t) = 
V'(x'(t)) being a regular vector field on the curve c, with the property 
V ' (0) = V ( 1 ) = and £ is a real number, sufficiently small in absolute 
value, so that Imc e C U. 

The extension of a curve c e to TM is given by 

/ dr' dV'\ 

c £ :te [0, l] ^ (*•(/) + C n0,^- + e— J e » -1 ^)- 

The integral of action of the Lagrangian L on the curve c e is 

, , f 1 f dx dV\ 

I(cl) = lL^ + eV,- + e-y, (2.2.1-) 

A necessary condition for 7(c) to be an extremal value of I(c E ) is 

dl(c e ) 



de 



e=0 



0. (2.2.3) 



d 
Under our condition of differentiability, the operator — is permut- 
ing with the operator of integration. 
From (2.2.1') we obtain 



dl(c e ) 

de 
But we have 



[ l d T . „dx dV. , 
/ —L{x + £V, — + £—)dt. (2.2.4) 

Jo d£ dt dt ' 



d / „dx dV\ . dL . dLdV i 



rfe V dt dt J dx 1 dy l dt 

dL d dL\ . d f dL ,1 , dx' 

>V -\ < — V > , v = — . 

<9x' df <9y< J rff \ ay J df 
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Substituting in {2.2 A) and taking into account the fact that V l (x(t)) is 
arbitrary, we obtain the following theorem. 

Theorem 2.2.1. In order for the functional 1(c) to be an extremal 
value of I(c £ ) it is necessary for the curve c(t) = (x l (t)) to satisfy 
the Euler-Lagrange equations: 

, , dL d dL ; dx' 

d d d 
For the Euler-Lagrange operator Ej = -5— j — -p we have: 

Theorem 2.2.2. The following properties hold true: 
1° Ei(L) is a d-covector field. 

2°E i (L + L')=E i (L)+E i (L'). 
3° Ei(aL)=aEi(L),aeR. 



fdF\ dF 

4°Eil — )= 0, VF G &(TM) with -77 = 0. 



The notion of energy of a Lagrangian L can be introduced as in the 
Theoretical Mechanics [17], [164], by 

E L = y l ^-L. (2.2.6) 

We obtain, without difficulties: 

Theorem 2.2.3. For every smooth curve c on the base manifold M the 
following formula holds: 

dE L dx 1 j dx 1 ni7 , 

— = --E i {L) 1 y=-. (2.2.7) 

Consequently: 

Theorem 2.2.4. For any differentiate Lagrangian L(x,y) the energy 
El is conserved along every solution curve c of the Euler-Lagrange 
equations 

dx' 

A Noether theorem can be proved: 
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Theorem 2.2.5. For any infinitesimal symmetry on M xR of the La- 
grangian L(x,y) and for any smooth function 0(x) the following func- 
tion: 

J?(L,0) = V'0-t£ l -<K*) 

is conserved on every solution curve c of the Euler-Lagrange equa- 

dx' 
tions Ej(L) =0, y l = -—. 

Remark. An infinitesimal symmetry on M x R is given by x n = x' + 
eV i {x,t),t' = t + er(x,t). 



2.3 Canonical semispray. Nonlinear connection 

Now we can apply the previous theory in order to study the Lagrange 
space L n = (M,L(x,y)). As we shall see that L" determines a canon- 
ical semispray S and S gives a canonical nonlinear connection on the 

manifold TM. 

As we know, the fundamental tensor g, 7 of the space L" is nonde- 

generate, and Et(L) is a J-covector field, so the equations g'->Ej(L) = 
have a geometrical meaning. 

Theorem 2.3.1. If LP = (M,L) is a Lagrange space, then the system 
of differential equations 

dx l 

g'J Ej (L)=0,y> = ^ (2.3.1) 

can be written in the form: 

d 2 x l ^:( dx\ n : dx l ,„„*„ 

-^ + 2 G -(x,-j=0,y = - (2.3.D 

where 



Proof We have 



wfT\ dL > d2L Lo d y j \ i d%l 
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So, (2.3.1) implies (2.3.1'), (2.3.2). 

The previous theorem tells us that the Euler Lagrange equations for 
a Lagrange space are given by a system of n second order ordinary 
differential equations. According with theory from Section 1.2, Ch. 1, 
it follows that the equations (2.3.1) determine a semispray with the 

coefficients G l (x 7 y): 

S is called the canonical semispray of the Lagrange space L' 1 . 
By means of Theorem 1.3.1, it follows: 

Theorem 2.3.2. Every Lagrange space L n = (M,L) has a canonical 
nonlinear connection N which depends only on the fundamental func- 
tion L. The local coefficients ofN are given by 

N*i = — = - — U k (—/ -—)\ (2 3 4) 

Wj dyj 4dyJ\ § \dykdxh y dx* J J " ( j 

Evidently: 
Proposition 2.3.1. The canonical nonlinear connection N is symmet- 

. dm dN\ 

ric, i.e. t\ h = ^-f- - -^— ^ = 0. 
J k dy k dyJ 

Proposition 2.3.2. The canonical nonlinear connection N is invariant 
with respect to the Caratheodory transformation 

L'(x,y)=L(x,y) + ^y'. (2.3.5) 

Indeed, we have 

Ei(L') = Ei (L(x,y) + ^ J = E,(L)n 

So, Ei(L'(x,y)) = determines the same canonical semispray as the 
one determined by Et(L(x,y)) = 0. Thus, the Caratheodory transfor- 
mation (2.3.5) preserves the nonlinear connection N. 

Example. The Lagrange space of electrodynamics, L n = (M,L(x,y)), 
where L(x,y) is given by (2.1.4) with U(x) = has the canonical 
semispray with the coefficients: 
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l fi 

2 



G\x,y) = -Y ]k {x)y J y k - g' J (x)F jk (x)y k , (2.3.6) 



where Yjk(x) are the Christoffel symbols of the metric tensor gij(x) = 
mcy i j(x) of the space L n and Fjk is the electromagnetic tensor 

'*»- = (£-&)■ 

Therefore, the integral curves of the Euler-Lagrange equation are 
given by the solution curves of the Lorentz equations: 

d 2 x 1 ; , , dxi dx k ; , . . , . dx k 

According to (2.3.4), the canonical nonlinear connection of the La- 
grange space of electrodynamics L n has the local coefficients given 
by 

N'j(x,y) = Y ]k {x)y k -g lk {x)F k] {x). (2.3.9) 

It is remarkable that the coefficients N'j from (2.3.9) are linear with 
respect to y l . 

Proposition 2.3.3. The Berwald connection of the canonical nonlin- 
ear connection N has the coefficients BT{N) = (Yjk( x )^)- 

Proposition 2.3.4. The solution curves of the Euler-Lagrange equa- 
tions and the autoparallel curves of the canonical nonlinear connec- 
tion N are given by the Lorentz equations (2.3.8). 

In the last part of this section, we underline the following theorem: 

Theorem 2.3.3. The autoparallel curves of the canonical nonlinear 
connection N are given by the following system: 

d 2 x l „ r7 - / dx\ dxi 



dt 2 J \ ' dt J dt 

where N'j are given by (2.3.4). 
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2.4 Hamilton-Jacobi equations 

Consider a Lagrange space L n = (M,L(x,y)) and N(N l j) its canonical 

nonlinear connection. The adapted basis ( — — , -^— ? | to the horizontal 

\8x l dy 1 ) 

distribution N and the vertical distribution V has the horizontal vector 
fields: 

8x l dx l dyj 

Its dual is (dx l , 8y l ), with 

8j = dyt+N i jdx>. (2.4.2) 

Theorem 1.1.1 give us the momenta 



1 dL 

I'dy 1 



(2.4.3) 



the 1-form 
and the 2-form 



CO = pidx 1 (2.4.4) 



6 =dco = dpiAdx l . (2.4.5) 

These geometrical object fields are globally defined on TM. 6 is a 
symplectic structure on the manifold TM. 

Proposition 2.4.5. In the adapted basis the 2-form is given by 

e=g ij 8y i Adx j . (2.4.6) 

Indeed, = dp t A dx l = - { . . dx* + -. -. - fry* ) A dx l = 

2 \8x s dy' dy s dy l / 

\ ( 8 dh 8 dL \ 

dx 5 A dx l + g is 8y s A dx l . 



4 \8x s dy' 8x l dy t 
But is not difficult to see that the coefficient of dx s A dx l vanishes. 
The triple (TM, 0,L) is called a Lagrangian system. 
The energy El of the space L n is given by (2.2.6). Denoting J^ = 

-El, _Sf = —L, then (2.2.6) can be written as: 

^ = p i y i -J?{x 1 y). (2.4.7) 
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But, along the integral curve of the Euler-Lagrange equations (2.2.5) 
we have 

dJ? dSe dpt 

dt ' 



dx 1 dx' 




And from (2.4.7), we get 




dJf 

dpi 


dx 1 
dt 


So, we obtain: 





Theorem 2.4.1. Along to integral curves of the Euler-Lagrange equa- 
tions the Hamilton- J acobi equations: 

dx 1 = dJT dpi = dJif 

dt dpi ' dt dx 1 

where M' is given by (2.4.7) and pi = ^-5-7, are satisfied. 

These equations are important in applications. 

Example. For the Lagrange space of Electrodynamics with the fun- 
damental function L(x,y) from (2.1.4) and U(x) = we obtain 

(A' = y>lAj). 

Then, the Hamilton - Jacobi equations can be written without diffi- 
culties. 

Now we remark that being a symplectic structure on TM, exterior 
differential dO vanishes. But in adapted basis 

d0 = dgij A 8y' A dx j + gtjddy' A dx j = 
reduces to: 

1 ( Sg V 5gik ^ 8y'AdxlAdx k + 1 - (**» - ***) 8y k A8y' Adx' + 



2 \ 8x k 8x> J 2 \ dx k dy' 



1_,- 

2 1 



+gij -R l rs dx s A dx r + B' rs 8y s A dx r ) A dx j = 0. 
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We obtain 

Theorem 2.4.2. For any Lagrange space L n the following identities 
hold 

8ij\\k - 8ik\\j = 0, gtjh ~ 8ik\\j = 0. (2.4.9) 

Indeed, taking into account the h— and v— covariant derivations of 

dm 



the metric gy with respect to Berwald connection Br (N) = I -^-4- , 
i.e 



dy 



Sij\\k = -fak- B ik8kj-ti jk g ir 



-rr-rr, according with the properties -—-j 
oy k oy k 

B' kj , we obtain (2.4.9). 



and gij\\k = -^-j, according with the properties -r-^ = 2C ijk , B l jk = 



2.5 Metrical AMinear connections 

Let N(N i j) be the canonical nonlinear connection of the Lagrange 

space L" = (M, L) and D an Af — linear connection with the coefficients 

Dr[N) = (L'- k ,C l - k ). Then, the h— and v— covariant derivations of the 

fundamental tensor g, ; -, g;j\ k and gij\ k are given by (1.4.7). 

Applying the theory of iV— linear connection from Chapter 1, one 
proves without difficulties, the following theorem: 

Theorem 2.5.1. 1° On the manifold TM there exist only one N— linear 
connection D which verifies the following axioms: 

A\ N is canonical nonlinear connection of the space LP. 

A2 gij\k = (D is h-metrical); 

^3 gij\k = (D is v-metrical); 

A4 T'- k = (D is h-torsionfree); 

As S' ; k = (D is v -torsion free). 

2° The coefficients Dr(N) = (L'- k ,C'- k ) of D are expressed by the 
following generalized Christoffel symbols: 
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ji l Jr( d Srk 8g rj 8g jk \ 

J k 2 s V 8xJ 8x k 8x r J 

(2.5.1) 

C = l r ir( d 8rk dg rj dg jk \ 

J k 2 S V dyj dy k 9y r J 

3° This connection depends only on the fundamental function L(x,y) 
of the Lagrange space L". 

The AMinear connection D given by the previous theorem is called 
the canonical metric connection and denoted by Cr(N) = (L'- k ,C l j k ). 

By means of §1.5, Ch. 1, the connection 1 -forms CO l j of the Cr(N) 
are 

< = Ly/ + C},5/, (2.5.2) 

Theorem 2.5.2. The canonical metrical connection CT(N) satisfies 
the following structure equations: 

(o). 
d(dx l )-dx k AG) l k= -Q l , 

(1) co 5 -x\ 

d{8y')-8y k A(0 I k = -n l , K ' 

dco'j-co k Aco' k = -Q l j 

(0). (i). 

where 2- forms of torsion Q l and Q' are as follows 



Q'=C'dxJA8y k , 



(0) 

q ' = -R l jk dxJ A dx k + P' jk dxJ A 8y k 



(2.5.4) 



and the 2-forms of curvature fi'j are 
Q'j = ^RJ kh dx k Adx h +P/ kh dx k A8y h + ^Sj kh 8y k A8y h . (2.5.5) 

The J-tensors of torsioni? '- k , P L are given by (1.3.13') and (1.4.10), 
and the d-tensors of curvature R- kh , Phfr Sf kh have the expressions 
(1.4.14). 
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Starting from the canonical metrical connection Cr(N) = (L' fe , C l - k ) 
we can derive other N- linear connections depend only on the space L": 

'drfj 
dy 

'dN' 



Berwald connection Br(N) = ( ^ .^ O ); Chem-Rund connection 



Rr(N) = (L) k7 0) and Hashiguchi connection Hr(N) = I ^"T' C ^ 

For special transformations of these connections, the following com- 
mutative diagram holds: 

RT(N) 

s \ 

cr{N) — ► Br{N) 

\ / 

Hr{N) 

Some properties of the canonical metrical connection CT{N) are 
given by: 

Proposition 2.5.6. We have: 

^°Y*{ijk)Rijk = 0, (Rijk = gihR jk)- 

2°Pjjk = gihP h jk i s totally symmetric. 

3° The covariant curvature d-tensors Rtjkh = gjrR/ \h' Rijkh = SjrPj, r kh 

and Sjjkh = girS[ kh are skew -symmetric with respect to the first two 

indices. 

^ ^ijkh ^iks^ jh W/m*-' jk- 
5°Qkh — gisC S j h . 

These properties can be proved using the property dO = 0, with 
= gijdy 1 Adx J , the Ricci identities applied to the fundamental tensor 
g u and the equations g tj \ k = 0, g tj \ k = 0. 

By the same method we can study the metrical connections with a 
priori given h— and v— torsions. 

Theorem 2.5.3. 1 ° There exists only one N -linear connection Dr (N) — 
(L'- kl C'- k ) which satisfies the following axioms: 

A[ N is canonical nonlinear connection of the space L n , 

A'2 gij\k = (D is h-metrical), 

^3 gij\k = (D is v-metrical), 

A' 4 The h-tensor of torsion TL is a priori given. 

A' 5 The v-tensor of torsion S'- k is a priori given. 



36 2 Lagrange spaces 

2° The coefficients (L' jk ,C l jk ) ofD are given by 



L )k = L )k + \g ih {gjrf r kh + g kr T r jh - g hr T r kj ) 
C 'jk = C 'jk + \s lh (Sjr^kh + gkrS'jh ~ 8hrS r kj) 



(2.5.6) 



where (L'- k ,C'- k ) are the coefficients of the canonical metrical connec- 
tion. 

From now on T l - k , S l - k will be denoted by T l - k , S l - k and the Af— linear 

connection given by the previous theorem will be called metrical 
N— connection of the Lagrange space L' 1 . 

Some particular cases can be studied using the expressions of the 

coefficients D- k and C' jk . For instance the semi-symmetric case will be 
obtained taking T- k = 8'jO k - S l k Oj, S' jk = d)x k - 8 l k Tj. 

Proposition 2.5.7. The Ricci identities of the metrical N -linear con- 
nection Dr(N) are given by: 

X '\j\k~X l \k\j =X r R,! jk~ X ' IrT' jk - X'\rR r jki 

X l \j\k-X l \k\j =X 'P r 'jk~ Xl \r Cr jk- Xl \rP r jk, (2.5.7) 

V'l I VI I VC I vi C'' 

A \j\k—A \k\j — A Z r j k —A \ r Z jk- 

Of course these identities can be extended to a J-tensor field of type 

Denoting 

Vj=J\pd i j=J\j- (2-5-8) 

we have the h— and v— deflection tensors. They have the known ex- 
pressions: 

D l j = y s V SJ -N l r , Sj = 8 l j +y s C SJ . (2.5.7') 

According to Ricci identities (2.5.7) we obtain: 

Theorem 2.5.4. For any metrical N -linear connection the following 
identities hold: 

D l M ~ D'^ = ?R* Jk - D' s r jk - d l s R s Jk , 

D l j\ k - d l k[j = yPj Jk - D' s C s jk - d\ s P s jk , (2.5.9) 

d l j\k ~ d' k \j = y s S s l jk - d l s S s jk . 
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We will apply this theory in a next section taking into account the 

canonical metrical connection Cr(N) and taking T l - k = 0, S l - k = 0. 

Of course the theory of parallelism of vector fields and the h— geo- 
desies or v— geodesies for the metrical connection A/— linear connec- 
tions can be obtained as a consequence of the corresponding theory 
fromCh. 1. 



2.6 The electromagnetic and gravitational fields 

Let us consider a Lagrange spaces L n = (M,L) endowed with the 
canonical nonlinear connection N and with the canonical metrical 
N- connection Cr(N) = (L jk ,C l jk ). 

The covariant deflection tensors Dji and dji are given by D (J = 
g is D s j, dij = g is d s j. We have: 

D ij\k = 8isD s ' j\k, dij\ k = gi s d s j\ k 

etc. So, we have 

Proposition 2.6.8. The covariant deflection tensors Dij and dij of the 
canonical metrical N -connection CT (N) satisfy the identities: 

Dij\k — D ik y = y s R s jjk — di S R s jk, 

Dij\k — d ik y =y s P s ij k — D is C s j k — di s P s jk-, (2.6.1) 

dij\k — dik\j = y s S si jk- 

The Lagrangian theory of electrodynamics lead us to introduce 
[182], [184], [183], [175]: 

Definition 2.6.1. The d-tensor fields: 

Fij = \ (Dij - Djt) , fy = l - {d^ - dp) (2.6.2) 

are the h- and v-electromagnetic tensor of the Lagrange space L n = 
(M,L). 

The Bianchi identities for Cr(N) and the identities (2.6.1) lead to 
the following important result: 

Theorem 2.6.1. The following generalized Maxwell equations hold: 
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F ij\k + F jk\i+F k i\j — - 2l C iosR i jk, 

W*) (2.6.3) 

Fij I k + Fjk I i + Fki I j = 0, 

where Cj os = Cjj s y-', and ^ means cyclic sum. 

m 

Corollary 2.6.1. If the canonical nonlinear connection N of the space 
L n is integrable then the equations (2.6.3) reduce to: 

L F u\k = 0, £Fy|jt = 0. (2.6.3') 

i'jk) (ijk) 

If we put 

F ij = g is g jr Fsr (264) 

and 

hJ l = F l \j,vJ l = F l] \ h (2.6.5) 

then one can prove: 

Theorem 2.6.2. The following laws of conservation hold: 

hJ l \i = \{F l KRij -Rn) +F%R r u}, 6 

where Rij is the Ricci tensor R/ 1 ^. 

Remark 2.6.1. In the Lagrange space of electrodynamics the tensor F^ 
is given by (2.3.6). The previous theory one reduces to the classical 
theory. Namely Fjj(x) satisfy the Maxwell equations V F^-u = and 

(ijk) 
F iJ \ k = 0,hj\ i = 0,vj i = 0. 

Now, considering the lift to TM of the fundamental tensor gij(x,y) 
of the space L", given by 

G = gijdx 1 <g> dx j + gjjdy' <g> 8y j 

we can obtain the Einstein equations of the canonical metric connec- 
tion Cr(N). The curvature Ricci and scalar curvatures: 
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(2.6.7) 



p p h c c h I p p h " p h 

"■U ~ K i jhi^iJ ~ ^i jhi r U ~ r i jhi r i hj 



R = g'JR lJ1 S = g''S lj . 

H V 1 2 

Let us denote by Ty, Tjj, Tjj and Ty the components in adapted 

/ 8 d \ 
basis -jr^,^— • of the energy momentum tensor on the manifold 
\ ox' ay 1 J 

TM. 

Thus we obtain: 

Theorem 2.6.3. \°The Einstein equations of the Lagrange space L n = 
(M,L(x,y)) with respect to the canonical metrical connection 
Cr{N) = (L'- k ,C'j k ) are as follows: 



Rij-lRgij^KTij/Pij^KTij 



1 Y. 1 

if 



(2.6.8) 



SiJ-^8iJ=K T {m" P iJ= KTi p 



where K is a real constant. 

H v 

2° The energy momentum tensors Tij and Tjj satisfy the following 

laws of conservation 

Kf tJ =-^(Ip' M + 7Jtljli),KTj\ i = 0. (2.6.9) 

The physical background of the previous theory is discussed by 
Satoshy Ikeda in the last chapter of the book [116]. 

The previous theory is very simple in the particular Lagrange 

spaces L" having pA fe = 0. 

We have: 

Corollary 2.6.2. 1° If the canonical metrical connection Cr(N) has 
the property P- 1 kh = 0, then the Einstein equations are 

Rij ~ \*gij = * Tij, Stj - l -S glJ = K T {m (2.6.10) 

2° The following laws of conservation hold: 
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H' V' 

T .,.= 7 1=0 

Remark 2.6.2. The Lagrange space of Electrodynamics, L", has 
Cr (AT) = (f jk (x),0), Pj' kh = 0, Sj kh = 0. The Einstein equations 
(2.6.10) reduce to the classical Einstein equations of the space L" . 



2.7 The almost Kahlerian model of a Lagrange space 

L n 

A Lagrange space L n = (M,L) can be thought as an almost Kahler 

space on the manifold TM = TM\ {0}, called the geometrical model 
of the space L". 

As we know from section 3, Ch. 1 the canonical nonlinear connec- 
tion ,/V determines an almost complex structure ¥(TM), expressed in 
(1.3.9'). This is 

F= lrl ®8y i -^ 1 ®dx i . (2.7.1) 

ox' ay 1 

F is integrable if and only if R l - k = 0. 

F is globally defined on TM and it can be considered as a ^(TM) — 
linear mapping from %(TM) to %(TM): 



*&=-w '(l')=^ ( '= 1 --» ) - <2 ' 7 - 1 ' 



) 



The lift of the fundamental tensor gjj of the space L n with respect 
to Af is defined by 

G = gijdx' <g) dx j + gij 8y l ®8y j . (2.7.2) 

Evidently G is a (pseudo-)Riemannian metric on the manifold TM. 
The following result can be proved without difficulties: 

Theorem 2.7.1. \°The pair (G, F) is an almost Hermitian structure 
on TM, determined only by the fundamental function L(x,y) ofL 11 . 

2° The almost symplectic structure associated to the structure (G, F) 
is given by 

e=g ij 8y i Adx j . (2.7.3) 
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3° The space (TM, G, F) is almost Kahlerian. 

Indeed: 

l°N, G,F are determined only by L(x,y). 
We have G(FX,Fy) = G(X,Y), VX,y e %(TM). 

2° In the adapted basis 6(X,Y) = G(¥X,Y) is (2.7.3). 

3°Taking into account (2.1.1), it follows that 6 is a symplectic struc- 
ture (i.e. dO = 0). 

The space H 2n = (TM, G, F) is called the almost Kahlerian model 
of the Lagrange space L n . It has a remarkable property: 

Theorem 2.7.2. The canonical metrical connection D with coeffi- 
cients Cr(N) — (L'. k ,C'- k ) of the Lagrange space L n is an almost 
Kahlerian connection, i.e. 

DG = 0, D¥ = 0. (2.7.4) 

Indeed, (2.7.1), (2.7.2), in the adapted basis imply (2.7.4). 
We can use this geometrical model to study the geometry of La- 
grange space L n . For instance, the Einstein equations of the (pseudo) 

Riemannian space (TM, G) equipped with the metrical canonical con- 
nection Cr(N) are the Einstein equations of the Lagrange space stud- 
ied in the previous section of this chapter. 

G.S. Asanov showed [27] that the metric G given by the lift (2.7.2) 
does not satisfies the principle of the Post-Newtonian calculus because 
the two terms of G have not the same physical dimensions. This is the 
reason to introduce a new lift which can be used in a gauge theory of 
physical fields. 

Let us consider the scalar field: 

£ = \\y\\ 2 = 8ij(x,yW- (2-7.5) 

£ is called the absolute energy of the Lagrange space L". 

We assume | \y\ | 2 > and consider the following lift of the funda- 
mental tensor gif 

o a 2 

G= gijdx 1 ® dx ] + TTTTigijSy' ® 8y J (2.7.6) 



where a > is a constant. 

Let us consider also the tensor field on TM: 



^^IB^ < 2 '"> 
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and 2-form 

a 

0=— 0, (2.7.8) 



where is from (2.7.3). 
We can prove: 

o o 
Theorem 2.7.3. \°The pair (G, F) is an almost Hermitian structure 

on the manifold TM, depending only on the the fundamental func- 
tion L(x,y) of the space L". 



2° The almost symplectic structure 9 associated to the structure (G, F) 

is given by (2.7.8). 

o oo 

3° being conformal to symplectic structure 6, the pair (G, F) is con- 
formal to the almost Kdhlerian structure (G, F). 



2.8 Generalized Lagrange spaces 

A first natural generalization of the notion of Lagrange space is pro- 
vided by a notion which we call a generalized Lagrange space. This 
notion was introduced by author in the paper [183]. 

Definition 2.8.1. A generalized Lagrange space is a pair GL" = (M, 

gij(x,y)), where gu(x,y) is a d-tensor field on the manifold TM, of 
type (0,2), symmetric, of rank n and having a constant signature on 

TM. 

We continue to call gij(x,y) the fundamental tensor on GL". 

One easily sees that any Lagrange space L n = (M,L(x,y)) is a ge- 
neralized Lagrange space with the fundamental tensor 

But not any space GL" is a Lagrange space L". 
Indeed, if gu(x,y) is given, it may happen that the system of partial 
differential equations (2.8.1) does not admits solutions in L(x,y). 

Proposition 2.8.9. \°A necessary condition in order that the system 



(2.8.1) admit a solution L(x,y) is that the d-tensor field 



d Sij 



dy k 
2Qjk be completely symmetric. 
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2° If the condition 1° is verified and the functions gij(x,y) are 0- 
homogeneous with respect to y'; then the function 

L(x,y) = gl j(x,y) y y + A l {x)y l + U(x) (2.8.2) 

is a solution of the system of partial differential equations (2.8.1) 
for any arbitrary d-covector field A,-(jc) and any arbitrary function 
U(x), on the base manifold M. 

The proof of previous statement is not complicated. 

In the case when the system (2.8.1) does not admit solutions in the 

functions L(x,y) we say that the generalized Lagrange space GL 2 = 
(M,gijf xy \) is not reducible to a Lagrange space. 

Remark 2.8.3. The Lagrange spaces L" with the fundamental function 
(2.8.2) give us an important class of Lagrange spaces which includes 
the Lagrange space of electrodynamics. 

Examples. 

l°The pair GL" = (M,gtj) with the fundamental tensor field 

gij(x,y) = f"W)y ij {x) (2.8.3) 

where a is a function on (TM) and 7,-,(x) is a pseudo-Riemannian 

metric on the manifold M is a generalized Lagrange space if the 

do 
d-covector field ■=— : no vanishes. 
dy> 

It is not reducible to a Lagrange space. R. Miron and R. Tavakol 

[183] proved that GL n = (M lgij (x,y)) defined by (2.8.3) satisfies 

the Ehlers - Pirani - Schild's axioms of General Relativity. 

2° The pair GL' 1 = (M,gij(x,y)), with 

gij(x,y) = Yijix) + (i - -^—^) y$h yi = ruW (2.8.4) 

where Yu(x) is a pseudo-Riemannian metric and n(x,y) > 1 is a 

smooth function (n is a refractive index) give us a generalized 
Lagrange space GL' 1 which is not reducible to a Lagrange space. 
This metric has been called by R. G. Beil, [40] the Miron's metric 
from Relativistic Optics. 

The restriction of the fundamental tensor gij(x,y) (2.8.4) to a sec- 
tion Sy '■ x' = x\f = V'(x), (V being a vector field) of the projection 
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% : TM — Y M, is given by gij{x, V(x)). It gives us the known Synge's 
metric tensor of the Relativistic Optics [243]. 

For a generalized Lagrange space GL" = (M,gtj(x,y)) an important 
problem is to determine a nonlinear connection obtained from the fun- 
damental tensor gjj (jc, y) . In the particular cases, given by the previous 
two examples this is possible. But, generally no. 

We point out a method of determining a nonlinear connection N, 
strongly connected to the fundamental tensor gij of the space GL", if 
such kind of nonlinear connection exists. 

Consider the absolute energy (^(x.y) of space GL": 

£{xj)=gij{x,y) y y (2.8.5) 

e(jc,y) is aLagrangian. 

The Euler - Lagrange equations of £(x,y) are 

dx l dt dy l dt 

Of course, according the general theory, the energy E £ of the La- 
de 

grangian ${x,y), is E £ = y'^-^ — <§ and it is preserved along the inte- 

oy l 

gral curves of the differential equations (2.8.6). 

If $(x,y) is a regular Lagrangian - we say that the space GL" is 
weakly regular - it follows that the Euler-Lagrange equations deter- 
mine a semispray with the coefficients 

v» ( d 2 e ,- de \ (y 1 d 2 e 



2G ' ( -^=« {w^ y '-^)\ g " = 2W^)- a8 - 7) 

Consequently, the nonlinear connection N with the coefficients 

dG' 
N'j = -jr— r is determined only by the fundamental tensor gij(x,y) of 

the space GL". 

In the case when we can not derive a nonlinear connection from the 
fundamental tensor gu, we give a priori a nonlinear connection ,/V and 

study the geometry of pair (GL'\N) by the methods of the geometry 
of Lagrange space L". 

For instance, using the adapted basis I — — , -^— : I to the distribu- 
6 F \8x ' dy'J 

tions A^ and V, respectively and its dual {dx\ 5y l ) we can lift gij(x,y) 
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to TM: 

G(x,y) = gij(x,y)dx'®dx J + -—^gij(x 7 y)8y l <g) 8y J 

and can consider the almost complex structure 

with £(x,y) > and \\y\\ = £ l / 2 (x,y). 

The space (TM,¥) is an almost Hermitian space geometrical asso- 
ciated to the pair (GL'\N). 

J. Silagy, [241], make an exhaustive and interesting study of this 
difficult problem. 



Chapter 3 
Finsler Spaces 



An important class of Lagrange Spaces is provided by the so-called 
Finsler spaces. 

The notion of Finsler space was introduced by Paul Finsler in 1918 
and was developed by remarkable mathematicians as L. Berwald [42], 
E. Cartan [56], H. Buseman [52], H. Rund [218], S.S. Chern [60], M. 
Matsumoto [144], and many others. 

This notion is a generalization of Riemann space, which gives an 
important geometrical framework in Physics, especially in the geo- 
metrical theory of physical fields, [18], [116], [129], [246], [252]. 

In the last 40 years, some remarkable books on Finsler geometry 
and its applications were published by H. Rund, M. Matsumoto, R. 
Miron and M. Anastasiei, A. Bejancu, Abate-Patrizio, D. Bao, S.S. 
Chern and Z. Shen, P. Antonelli, R. Ingarden and M. Matsumoto, 
R. Miron, D. Hrimiuc, H. Shimada and S. Sabau, G.S. Asanov, M. 
Crampin, PL. Antonelli, S. Vacaru, S. Ikeda. 

In the present chapter we will study the Finsler spaces considered as 
Lagrange spaces and applying the mechanical principles. This method 
simplifies the theory of Finsler spaces. So, we will treat: Finsler met- 
ric, Cartan nonlinear connection derived from the canonical spray, 
Cartan metrical connection and its structure equations. Some exam- 
ples: Randers spaces, Kropina spaces and some new classes of spaces 
more general as Finsler spaces: the almost Finsler Lagrange spaces 
and the Ingarden spaces will close this chapter. 



3.1 Finsler metrics 

Definition 3.1.1. A Finsler space is a pair F n = (M,F(x,y)) where M 
is a real n— dimensional differentiable manifold and F : TM — > R is a 
scalar function which satisfies the following axioms: 
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\°F is a differentiable function on TM and F is continuous on the null 

section of the projection % : TM -» M. 
2°F is a positive function. 

3°F is positively 1 -homogeneous with respect to the variables y l 

4° The Hessian of F 2 with the elements: 

is positively defined on the manifold TM. 

Of course, the axiom 4° is equivalent with the following: 

4°The pair (M,F 2 (x, y)) — L F is a Lagrange space with positively de- 
fined fundamental tensor, gtj. L F will be called the Lagrange space 
associated to the Finsler space F n . It follows that all properties of 

the Finsler space F" derived from the fundamental function F 2 and 
the fundamental tensor g, 7 of the associated Lagrange space L n F . 

Remarks 

1° Sometimes we will ask for gy to be of constant signature and 

raak(gij(x,y)) = n on TM. 
2° Any Finsler space F" = (M,F(x,y)) is a Lagrange space L n F = 
(M,F 2 (x,y)), but not conversely. 

Examples 

1°A Riemannian manifold (M,yy(x)) determines a Finsler space 
F n = (M,F(x,y)), where 



F(x,y) = yJy iJ (x)y i yJ. (3.1.2) 

The fundamental tensor is gij(x,y) = Yij( x )- 
2° Let us consider, in a preferential local system of coordinates, the 
following function: 



F(x,y) = ty(y^ + ... + (y»)*. (3.1.3) 

Then F satisfy the axioms l°-4°. 

Remark 3.1.1. This example was given by B. Riemann. 
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3° Antonelli-Shimada's ecological metric is given, in a preferential lo- 
cal system of coordinates, on TM, by 

F(x,y) = e^L, (j) = ctjX 1 , (a z - are positive constants), 

and where 

i. = {(y 1 r + (y 2 ) m + - + (/) m } 1/m ,m>3 1 (3.1.4) 

m being even. 
4°Randers metric is defined by 

F(x,y) = a(x,y)+P(x,y), (3.1.5) 

where 

a 2 (x,y) ■=a ij (x)y l y J , 

(M, ciij(x)) being a Riemannian manifold and 

The fundamental tensor gjj is expressed by: 

gy — fiij t" cliCtji ftij • — fly ^ ./' 

o o ^ a 
di — bi+k, If.— — r 



(3.1.5') 



One can prove that gu is positively defined under the condition b 2 = 
a'ibibj < 1 . In this case the pair F" = (M, a + j5) is a Finsler space. 
The first example motivates the following theorem: 

Theorem 3.1.1. If the base manifold M is paracompact, then there 
exist functions F : TM — y M such that the pair (M,F) is a Finsler 
spaces. 

Regarding the axioms 1° —4° we can see without difficulties: 

Theorem 3.1.2. The system of axioms of a Finsler space is minimal. 

Some properties of Finsler space F n : 

l°The components of the fundamental tensor gij(x,y) are 0-homo- 
geneous with respect to y 1 . 
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2° The components of 1-form 

IdF 2 
Pi=- 2W (3.1.6) 

are 1 -homogeneous with respect to y l . 
3° The components of the Cartan tensor 

1 d 3 F 2 1 dgij 

Qjk ~ Adfdyidy k ~ 2^7 ( } 

are —1— homogeneous with respect to y l . 
Consequently we have 

C oij = y s C slj = 0. (3.1.8) 

If X 1 and Y' are d-vector fields, then 
||X|| 2 := gij(x 1 y)X l Y 1 is a scalar field. 
< X, Y >:= gij(x,y)X'Y-i is a scalar field. 

Assuming \\X\\ U ^ 0, \\Y\\ U ^ the angle <p = Z(X,Y) at a point 
u E TM is given by 

<XJ>{u) 
coscp 



\Y\\ . \\V\\ 
l A \\u W 1 \\u 

The vectors X Ul Y u are orthogonal if (X, Y) (u) = 0. 
Proposition 3.1.1. In a Finsler space F n the following identities hold: 

\°F 2 {x 1 y)=g lj {x 1 y)yy 

2 O p .yi = F 2 

Proposition 3.1.2. l°The 1-form 

(0 = p i dx i (3.1.9) 

is globally defined on TM. 
2° The 2-form 

e = dw = dp i Adx i (3.1.10) 

is globally defined on TM. 
3° 6 is a symplectic structure on TM. 
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Definition 3.1.2. A Finsler space F n = (M, F) is called reducible to a 
Riemann space if its fundamental tensor gij(x,y) does not depend on 
the variable /. 

Proposition 3.1.3. A Finsler space F n is reducible to a Riemann 
space if and only if the tensor Qjk is vanishing on TM. 



3.2 Geodesies 

In a Finsler space F n = (M,F(x,y)) one can define the notion of arc 
length of a smooth curve. 

Let c be a parametrized curve in the manifold M: 

c:te[0,l}^(x i (t))eUcM (3.2.1) 

U being a domain of a local chart in M. 

The extension c of c to TM has the equations 

dx 1 
x l =x'(t),y' = — (r), re [0,1]. (3.2.1') 

Thus the restriction of the fundamental function F(x,y) to c is F(x(t), 

§W),^[o,i]. 

We define the "length" of curve c with extremities c(0) , c( 1 ) by the 
number 

r 1 dx 

£(c)= / F(x(t),-(t))dt. (3.2.2) 

Jo dt 

The number £{c) does not depend on a changing of coordinates on 
TM and, by means of 1-homogeneity of function F, £(c) does not 
depend on the parametrization of the curve c. £(c) depends on the 
curve c, only. 

We can choose a canonical parameter on c, considering the follow- 
ing function s = s(t), t E [0, 1]: 



f f dx 

i (t) = j Q F(x(x),-(x))dx. 



This function is derivable and its derivative is 
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ds , , , dx , , . 

- = F W 0, 57 (/))>0, (e( 0,l). 

So the function 5 = *(?),? G [0, 1], is invertible. Let r = t{s), s G [50,51] 
be its inverse. The change of parameter t —t s has the property 

f(x(*),^(j))=1. (3.2.3) 

Variational problem on the functional £ will gives the curves on 

TM which extremize the arc length. These curves are geodesies of the 
Finsler space F n . 

So, the solution curves of the Euler-Lagrange equations: 

d fdF\ dF „ ,■ dj 



are the geodesies of the space F n . 

Definition 3.2.1. The curves c = (x'(t)), t E [0, 1], solutions of the 
Euler-Lagrange equations (3.2.4) are called the geodesies of the Finsler 
space F n . 

The system of differential equations (3.2.4) is equivalent to the fol- 
lowing system 

d dF 2 dF 2 dF dF , dx 1 



dt dy dx 1 dt dy ' y ' " dt' 

In the canonical parametrization, according to (3.2.3) we have: 

Theorem 3.2.1. In the canonical parametrization the geodesies of the 
Finsler space F" are given by the system of differential equations 

p ( F l\ ._ d dp2 dpl _ a i _ d%l 
ds dy 1 dx 1 ds 

Now, remarking that F 2 = gijy l y J , the previous equations can be 
written in the form: 

d 2 x l ■ / dx\ dx-i dx k t dx 1 

ds 2 J \ ' ds J ds ds ds' 

where Y- k are the Christoffel symbols of the fundamental tensor giy. 



3.3 Caftan nonlinear connection 53 

A theorem of existence and uniqueness of the solution of differen- 
tial equations (3.2.6) can be formulated in the classical manner. 



3.3 Cartan nonlinear connection 

Considering the Lagrange space L n F = (M, F 2 ) associated to the Finsler 
space F" = (M, F) we can obtain some main geometrical object field 
ofF". 

So, Theorem 2.3.1, affirms: 

Theorem 3.3.1. For the Finsler space F" the equations 

Ht* /^ ii( d 3F 2 \ dF 2 n • dx 1 

can be written in the form 

d 2 x l n „i( dx\ n : dx 1 ,„„.,x 

+ 2G , [x,— )=0,y' = — (3.3.1) 



dt 2 \ "' dt J dt 

where 

2Gr i (x,y) = f Jk (x,yW (3-3.1') 

Consequently the equations (3.3.1) give the integral curves of the 
semispray: 

S = y i ^--2G\x : y)^-.. (3.3.2) 

Since G l are 2-homogeneous functions with respect to y' it follows 
that S is a spray. 

S determine a canonical nonlinear connection N with the coeffi- 
cients 

N\f = |^ = \-^{Yrs^y)yy}. (3.3.3) 

N is called the Cartan nonlinear connection of the space F". 

The tangent bundle T(TM), the horizontal distribution N and the 
vertical distribution V give us the direct decomposition of vectorial 
spaces 
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T u (TM)=N(u)@V(u), VueTM. (3.3.4) 

The adapted basis to N and V is I — — , -— J and the dual adapted 
basis is (dx, 8y l ), where 

JL=JL- N J( X y)JL 

8x { dx l ' {,y) dyJ (3.3.4') 

8y i = dy i +N i j (x,y)dxJ. 

One obtains: 
Theorem 3.3.2. 1 ° The horizontal curves in F n are given by 

2° The autoparallel curves of the Cartan nonlinear connection N co- 
incide to the integral curves of the spray S, (3.3.2). 



3.4 Cartan metrical connection 

Let N(N'j) be the Cartan nonlinear connection of the Finsler space 

F n . According to section 5 of chapter 2 one introduces the canonical 
metrical N— linear connection of the space F n . 

But, for these spaces the system of axioms, from Theorem 2.5.1 can 
be given in the Matsumoto's form [144], [145]. 

Theorem 3.4.1. 1° On the manifold TM, for any Finsler space F" = 
(M,F) there exists only one linear connection D, with the coeffi- 
cients Cr = (N l j,FL,C'j k ) which verifies the following axioms: 

A\. The deflection tensor field D l - = vj . vanishes. 
A-2- 8ij\k = 0, (D is h— metrical). 
^3- §ij\k = 0, (D is v— metrical). 
A4. T'- k = 0, (D is h— torsion free). 
A5. S' - k = 0, (D is v— torsion free). 
2° The coefficients (N'j,F l - k ,C'- k ) are as follows: 

a. N l j are the coefficients (3.3.3) of the Cartan nonlinear connection. 
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b. FL, C), are expressed by the generalized Christoffel symbols: 



F i = I is ( 5 8sk + Sg JS 8g jk 



jk^jk 



J k 2 s V Sxi 8x k 8 x s 

(3.4.1) 

r - l v is( d Ssk dg js d gjk \ 
J k 2 s V dy j dy k df ) 

3° This connection depends only on the fundamental function F. 

A proof can be find in the books [21], [164]. 
The previous connection is named the Cartan metrical connection 
of the Finsler space F". 

Now we can develop the geometry of Finsler spaces, exactly as the 

geometry of the associated Lagrange space L" F = [M,F 2 ]. 

Also, in the case of Finsler space the geometrical model H 2 " = 

(TM, G,F) is an almost Kahlerian space. 

A very good example is provided by the Randers space, introduced 
by R.S. Ingarden. 

A Randers space is the Finsler space F n = (M, a +j8) equipped 
with Cartan nonlinear connection N. 

It is denoted by RF" = (M, a + j8 ,N). 

The geometry of these spaces was much studied by many geome- 
ters. A good monograph in this respect is the D. Bao, S.S. Chern and 
Z. Shen'sbook[35]. 

The Randers spaces RF" can be generalized considering the Finsler 
spaces F" = (M,ot + /3), where Oc(x,y) is the fundamental function 
of a Finsler space F' n = (M, a). The Finsler space F" = (M, a + /3) 
equipped with the Cartan nonlinear connection ,/V of the space F ln = 
(M, a) is a generalized Randers space [152], [35]. Evidently, this no- 
tion has some advantages, since we can take some remarkable Finsler 
spaces F''\ (M. Anastasiei /3— transformation of a Finsler space [14]). 

As an application of the previous notions, we define the notion 
of Ingarden space IF", [115], [49]. This is the Finsler space F" = 

(M, a + /3) equipped with the nonlinear connection Af = Y; k (x)y k — 
FHx), Yj k (x) being the Christoffel symbols of the Riemannian met- 
ric aij(x), which defines a 2 = aij(x)y l yj and the electromagnetic ten- 
sor Fj(x) determined by /3 = bi{x)y l . While the spaces RF" have not 

the electromagnetic field & = -(Dij—Djj), the Ingarden spaces have 

such kind of tensor fields and they give us the remarkable Maxwell 
equations, [49]. Also, the autoparallel curve of the nonlinear connec- 
tion ,/V are given by the known Lorentz equations. 
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An example of a special Lagrange space derived from a Finsler one, 
[164] is as follows: 

Let us consider the Lagrange space L n = (M,L(x,y)) with the fun- 
damental function 

L(x 1 y)=F 2 (x 1 y)+P 1 

where F is the fundamental function of a priori given Finsler space 
F n = (M,F) and/3 =b i {x)y i . 

These spaces have been called the almost Finsler Lagrange Spaces 
(shortly AFL-spaces), [164], [49]. They generalize the Lagrange space 
from Electrodynamics. 

Indeed, the Euler - Lagrange equations of AFL-spaces are exactly 
the Lorentz equations 

d 2 x l : , . dxi dx k 1 ,■ . . dx-i 

-dF +Y ^ y) ^-^r = 2 F ^^r- 

To the end of these three chapter we can do a general remark: 
The class of Riemann spaces {^"} is a subclass of the class of 
Finsler spaces {F n }, the class {F n } is a subclass of class of Lagrange 
spaces {L n } and this is a subclass of class of generalized Lagrange 
spaces {GL n }. So, we have the following sequence of inclusions: 

(I) {M n } C {F n } C {L n } C {GL"}. 

Therefore, we can say: The Lagrange geometry is the geometric 
study of the terms of the sequence of inclusions (I). 



Chapter 4 

The Geometry of Cotangent Manifold 



The geometrical theory of cotangent bundle (T*M, n*,M) on a real, 
finite dimensional manifold M is important in differential geometry. 
Correlated with that of tangent bundle (TM, 71, M), introduced in Ch. 
1, one obtains a framework for construction of Lagrangian and Hamil- 
tonian mechanical systems, as well as, for the duality between them, 
via Legendre transformation. 

We study here the fundamental geometric objects on T*M, as Liou- 
ville vector field C*, Liouville 1-form ft), symplectic structure = do), 
Poisson structure, A*— linear connection etc. 



4.1 Cotangent bundle 

Let M be a real n— dimensional differentiable manifold. Its cotangent 
bundle (T*M, it*, M) can be constructed as the dual of the tangent 
bundle (TM,n,M), [154]. If (jc') is a local coordinate system on a 
domain U of a chart on M, the induced system of coordinates on 
7l*~ l (U) is (x l ,pj), (i,j,k,.. = l,2,...,n), p\,...,p n are called "mo- 
mentum variables". We denote (x l ,pi) = (x,p) = u. 
A change of coordinates on T*M is given by 



x 1 =x i (x,...,x n ), rank I -^— : ) -n 



(4.1.1) 



„ dxJ 
Pi = -&PJ- 
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4 The Geometry of Cotangent Manifold 



The natural frame I 3— r, -r — ) = (<9 ; , d l ) is transformed by (4.1.1) in 



the form 



• dx'^dx'' dxJ 



The natural coframe (dx\dpt) is changed by the rule 

, H dx* j ,_ dx- 7 ' , <9V ^ 

ax = -=-^ax J ; dpi = -z—dp, + . ^. pjdx . 

oxJ ox 1 ox'oxr 

The Jacobian matrix of change of coordinates (4. 1 . 1 ) is 



(4.1.2) 



(4.1.2') 



J(u) 



dxi 
dpj dx-> 



It follows 



V dx' dx' I u 
det/(w) = 1 for every u e T*M. 



So we get: 

Theorem 4.1.1. The differentiable manifold T*M is orientable. 

One can prove that if M is a paracompact manifold, then T*M is 
paracompact, too. 

The kernel of differential dn* : TT*M ->■ T*M is the vertical sub- 
bundle VT*M of the tangent bundle TT*M. The fibres V u of VT*M, 
Vw G r*M determine a distribution V on T*M, called the vertical dis- 
tribution. It is locally generated by the tangent vector fields (d l , ..., d") . 
Consequently, V is an integrable distribution of local dimension n. 

Noticing the formulae (4.1.2), (4.1.2') one can introduce the fol- 
lowing geometrical object fields: 



C* = Pi d\ 
called the Liouville-Hamilton vector field on T*M, 

ft) = pidx\ 
called the Liouville 1-form on T*M, 

=d(Q = dpi/\dx\ 



(4.1.3) 



(4.1.4) 



(4.1.5) 



4.1 Cotangent bundle 59 

6 is a symplectic structure on T*M. All these geometrical object fields 
do not depend on the change of coordinates (4.1.1). 

The Poisson brackets {, } on the manifold T*M are defined by 

v^=wM-w* f ' ge * (T ' M) - (41 - 6) 

Of course, {f,g} G ^(T*M) and {f,g} does not depend on the 
change of coordinates (4.1.1). 

Also, the following properties hold: 

l°{/>*} = -{*>/}. 

2° {/,g} is R— linear in every argument, 

3°{{f,g},h} + {{g,h},f} + {{h,f},g} = 0(Jacobi identity), 

4°{-,^} = {-,^ + {-,Mg. 

The pair {j^"(r*M), {, }} is a Lie algebra, called the Poisson-Lie al- 
gebra. 

The relation between the structures 8 and {,} can be given by 
means of the notion of Hamiltonian system. 

Definition 4.1.1. A differentiable Hamiltonian is a real function H : 
T*M -> R which is of C°° class on TM* = T*M\ {0} and continuous 
on T*M. 

An example: Let gij(x) be a C°°— Riemannian structure on M. Then 
H = \fg l J{x)PiPj is a differentiable Hamiltonian on T*M. 

Definition 4.1.2. A Hamiltonian system is a triple (T*M, 6,H). 

Let us consider the JP(T*M)— modules x(T*M) (tangent vector 
fields on T*M), x*(T*M) (cotangent vector fields on T*M). 
The following JP(T*M)— linear mapping 

S e =X(T*M)^X*(TM) 

can be defined by 

S e (X) = i x e, \?Xex(T*M). (4.1.7) 

One proves, without difficulties: 

Proposition 4.1.1. Sq is an isomorphism. We have: 

S9 UL\ = - dph S 9 (j-\= d J (4.1.6-) 



60 4 The Geometry of Cotangent Manifold 

S 6 (C*) = co. (4.1.7') 

Theorem 4.1.2. The following properties of the Hamiltonian system 
(T*M,e,H)hold: 

1° There exists a unique vector field Xh G SC (T*M) for which: 

i H e = -dH. (4.1.8) 

2° The integral curves of the vector field Xh are given by the Hamilton- 
Jacobi equations: 

dx^ = dH_ d_p L = J_H_ 
dt dp{ dt dx l 

Proof. l°The existence and uniqueness of the vector field Xh is as- 
sured by the isomorphism Sq: 

X H =S e \-dH). (4.1.10) 

Xh is called the Hamiltonian vector field. 
2° The local expression of X H is given (by (4.1.6)): 

dH d dH d 

dpi dx l dx' dpi 

Consequently: the integral curves of the vector field Xh are given 
by the Hamilton-Jacobi equations (4.1.8). 

Along the integral curves of Xh, we have 

Thus: The differentiable Hamiltonian H(x,p) is constant along the 
integral curves of the Hamilton vector field Xh- 

The structures and {, } have a fundamental property: 

Theorem 4.1.3. The following formula holds: 

{f, g } = o(x f ,x g ), v/,g g jr*(r*M), vx g ^(t*m). (4.1.12) 

Proof From (4.1.10): 

{f,g}=Xfg = -Xgf=-df{Xg) = (ix f 0)(X g ) = 9{X f ,Xg). 
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As a consequence, we obtain: 

^ = {H,x l },^ = {H, Pi }. (4.1.13) 

at at 

It is remarkable the Jacobi method for integration of Hamilton- 
Jacobi equations (4.1.9). Namely, we look for a solution curves y(t) 
in T*M of the form 

where 5 G ^"(M). Substituting in (4.1.9), we have 

<k* dH, ,„dS, ,„ d Pi d 2 S 9H dH /A11 ^ 

— = ■=— (jc(O)^(jc(O); -r 1 = -> ■-. ■ ^ = ~^~- (4.1.15) 
dt dpi KJJ dx lK KJJ dt dx'dxJdpj dx> 



It follows 



dH f x, -=- I = [ -^-r^— - ^^^r^ I <* = 0. 



(9// ^// ^// (9// 
<9x' <9p,- <9p, dx' 



Consequently, H lx,jr-\ =const, which is called the Hamilton- 
Jacobi equation of Mechanics. This equation determines the function 
S and the first equation (4.1.14) gives us the curves y(t). 

The Jacobi method suggests to obtain the Hamilton-Jacobi equa- 
tion by the variational principle. 



4.2 Variational problem. Hamilton-Jacobi equations 

The variational problem for the Hamiltonian systems (T*M, 9,H) is 
defined as follows: 

Let us consider a smooth curve c defined on a local chart n*~ l (U) 
of the cotangent manifold T*M by: 

c:te[0,l]^(x(t);p(t))en*-\u) 
analytically expressed by 
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J=J{t), Pi = Pi {t), f6[0,l]. (4.2.1) 

Consider a vector field V'(?) and a covector field ?],•(?) on the domain 
U of the local chart (U, (p) on M, and assume that we have 



V<(0) = V(l)= 0,77,(0) = 77,(1) =0 
0. 



dV' dV 

-(0) = — (T 



(4.2.2) 



J/ 1 



dt 



The variations of the curve c determined by the pair (V'(t), 77 ,-(?)) 
are defined by the curves c(£i, £2): 



jp=x , (f)+eiV , (f] 



Pi = M0 + e2TJi(0,^e[0,l] 



(4.2.3) 



when £i and £2 are constants, small in absolute value such that the 
image of any curve c belongs to the open set 7T* -1 (£/) in T*M. 

The integral of action of Hamiltonian H(x,p) along the curve c is 
defined by 



He) 







dx l 
Pi(t)-^-H(x(t),p(t)) 



dt. 



The integral of action /(c(£i, £2)) is: 
■1 



7(c(£i,£ 2 )) 



. dx 1 dV 
(Pi + ^n i it))[- + Br — 



-H(x + £1 V, p + £ 2 77 )] rff . 



(4.2.4) 



(4.2.5) 



The necessary conditions in order that 1(c) is an extremal value of 

7(c(£i,£ 2 ))are 



<9/(c(£i,£ 2 )) 



0, 



ei=e 2 =0 



^/(c(£i,£ 2 )) 
<?£? 



0. (4.2.6) 



ei=e 2 =0 
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Under our conditions of differentiability, the operators 



and the operator of integration commute. Therefore, from (4.2.5) we 
deduce: 






dt = 



Denoting: 



1 (*L - d J£\ dt = 
o\dt dpi J 






(4.2.7) 



(4.2.8) 



and noticing the conditions (4.2.2) one obtain that the equations 
(4.2.7) are equivalent to: 



l l 

E i (H)V i dt = 0; 
o o 



dx l dH 
dt dpi 



r7,Jf = 0. 



(4.2.9) 



But (V, T],-) are arbitrary. Thus, (4.2.9) lead to the following result: 

Theorem 4.2.1. In order to the integral of action 1(c) to be an ex- 
tremal value for the functionals 1(c) is necessary that the curve c to 
satisfy the Hamilton-Jacobi equations: 



dx l _ dH dpi _ dH 
dt dpi dt dx l 



(4.2.10) 



The operator E\(H) has a geometrical meaning: 

o 

Theorem 4.2.2. E{(H) is a covector field. 

Proof. With respect to a change of local coordinates (4.1.1) on the 
manifold T*M, we have 



EAHW^t 



1 o 

Ei(H)V'dt 
o 






V'dt = 0. 
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Since the vector V is arbitrary, we obtain: 

° ~ dx 1 ° 

A consequence of the last theorem: The Hamilton-Jacobi equation 
have a geometrical meaning on the cotangent manifold T*M. 

The notion of homogeneity for the Hamiltonian systems is defined 
in the classical manner [174]. 

A smooth function / : T*M — > R is called r— homogeneous r G Z 
with respect to the momenta variables pi if we have: 

Sfcf = C*f = p:d i f = rf. (4.2.11) 

A vector field X e %(T*M) is r— homogeneous if 

JSf c *X = (r-l)X, (4.2.12) 

where J&f c .X = [C*;X]. So, we have 

1° ^r— r, - — = <9' are 1- and O-homogeneous. 

2° If / G JP(T*M) is ^-homogeneous and X G ^(T*M) is r-homo- 
geneous then fX is r + s— homogeneous. 

3°C* = pid 1 is 1 -homogeneous. 

4° If X is r— homogeneous and / is s— homogeneous then Xf is r + 
5 — 1— homogeneous. 

5° If /is 5— homogeneous, then d'df is s— 1— homogeneous. 

Analogously, for q— forms 0) E A q (T*M). The q— form to is r— ho- 
mogeneous if 

Jz?C*» = >-a- (4.2.13) 

It follows: 

1' If CO, G)' are s— respectively s'— homogeneous, then co Aco' is s + 

s'— homogeneous. 
2' dx\dpi are 0— respectively 1— homogeneous. 
3' The Liouville 1— form (O = pidx 1 is 1 -homogeneous. 
A' The canonical symplectic structure is 1 -homogeneous. 
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4.3 Nonlinear connections 

On the manifold T*M there exists a remarkable distribution. It is 
the vertical distribution V. As we know, V is integrable, having 

(d l , <9 2 , ..., d n ) as a local adapted basis and dimV = n =dimM. 

Definition 4.3.1. A nonlinear connection N on the manifold T*M is 
a differentiable distribution N on T*M supplementary to the vertical 
distribution V: 

T U T*M = N U ®V U , VueT*M. (4.3.1) 

N is called the horizontal distribution on T*M. 

It follows that dim/V = n. 

When a nonlinear connection N is given we can consider an adapted 

(8 8 \ 

basis I ~f~-[t--i-f-^ ] expressed in the form 



8 d d 

8x l dx l l] dpj 



+ N ij— (»=l,2,...,n). (4.3.2) 



The system of function Nu(x,p) is well determined by (4.3.1). It 
is called system of coefficients of the nonlinear connection N. This 
system defines a geometrical object field on T*M. 

The set of vector fields I — — , d l ) give us an adapted basis to the 

\8x' J 

direct decomposition (4.3.1). Its dual adapted basis is (dx\ 8pi), (i = 

l,...,n), where 

8 pi = dpi - NjidxK (4.3.3) 

It is not difficult to prove that if M is a paracompact manifold, then 
on the cotangent manifold T*M there exists a nonlinear connection. 

Let N be a nonlinear connection with the coefficients Nu(x,p) and 
define the set of function Xtj{x,y) by 

THj = l(Nij-Nji). (4.3.4) 

It is not difficult to see that T;/ is transformed, with respect to (4.1.1) 
as a covariant tensor field on the base manifold M. So, it is a distin- 
guished tensor field, shortly a J— tensor of torsion of the nonlinear 
connection. t ;j = has a geometrical meaning. In this case Af is a 
symmetric nonlinear connection. 
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With respect to a symmetric nonlinear connection N the symplectic 
structure 6 can be written in an invariant form: 

= 8p i Adx i , (4.3.5) 

and the Poisson structure {, } can be expressed in the invariant form: 

r, } = ^JL^8__^8_^f_ (436) 

dpi 8x l dpi 8x l 

Of course, we can consider the curvature tensor of N as the J— tensor 
field 

SNh 8N hi 

*» =-&?-«£• (43 - 7) 

It is given by 

Therefore Ruhix^p) is the integrability tensor of the horizontal dis- 
tribution N. Thus N is an integrable distribution if and only if the 
curvature tensor R ijj x (x,p) vanishes. 

A curve c:ICR-> c(t) e T*M. Imc C K*(U) expressed by {x l = 

dc 
x'(t), pi = pt(t), t G /). The tangent vector — can be written in the 

at 
adapted basis as: 

dc dx l 8 8pi d 

dt dt 8x' dt dpi 

where 

8 pi dpi w , , . . .. dx-i 

8pi 

The curve c is horizontal if = 0. We obtain the system of differ- 

dt 
ential equations which characterize the horizontal curves : 

x'=x\t)^-Nji(x,p)^ = 0. (4.3.9) 

Let gtj(x,y) be a J— tensor by (d— means distinguished) with the 
properties g, ; - = gji and det(gy) ^ on T*M. Its contravariant g'J(x 7 y) 

can be considered, gug ts = 8). As usually, we put — — ? = 5 ; , -r — = d 

8x' dpi 
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and dj = gijdK So, one can consider the following ^(T*M)— linear 
mapping F : 5£ (T*M) -> 3£{T*M): 

ft(8 i ) = -Z i ,$(Z i ) = 8 h (i=l,...,n). (4.3.10) 

It is not difficult to prove, [174]: 

Theorem 4.3.1. \°The mapping F zs globally defined on T*M. 

2°F is a tensor field of type (1,1) on T*M. 

3° 77ie /oca/ expression ofW in the adapted basis (5,, d l ) is 

F = -gift ®dx j ' + g ij '5i® 5 Pj . (4.3.11) 

V 

4°F is an almost complex structure on T*M determined by N and by 
gij(x,p), i.e. 

FoF = -7. (4.3.12) 

Also, nonlinear symmetric connection N being considered, we can 
define the tensor: 

G(x,p) = g ij (x,p)dx i ®dx j + g ii 8p i ®8p j . (4.3.13) 

If J— tensor gu(x, p) has a constant signature on T*M (for instance 
it is positively defined), then it follows: 

Theorem 4.3.2. 1°G is a Riemannian structure on T*M determined 
by N and gjj. 

2° The distributions N and V are orthogonal with respect to G. 

3° The pair (G, F) is an almost Hermitian structure on T*M. 

4° The associated almost symplectic structure to (G, F) is the canoni- 
cal symplectic structure 6 = dpi A dx'. 



Remarking that the vector fields (5,-, d l ) are transformed by (4.1.1) 
in the form 

dx j „ X' d3? 

-^70j, d = ^r— r. 

dx' J dxJ 



8i = —8j,d ----—&, (4.3.14) 



and the 1-forms (dx 1 , 8pi) are transformed by 

(93? dx j 

d? = —Ax^ dpi = -g~r$Pj, (4.3.13') 

we can consider the horizontal and vertical projectors with respect to 
the direct decomposition (4.3.1): 
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s 

h = —^®dx\v = d i ®8p i . (4.3.15) 

ox 1 

They have the properties: 

9 9 

h + v = I,h =/?, v =v 1 hov + voh = 0. 

We set 

hX = X H , vX = X v , WX G 3?(T*M) 

G) H = G)oh, ffl v = ft)ov, Vft)G ^T*(r*M). 

Therefore, for every vector field X on T*M, represented in adapted 
basis in the form 

X=X i 8 i +X i d i 

we have 

x H = hx = r — , x v = vx = xj 1 

ox' 
where the coefficients X'(x,p) and X,' (•*> p) arQ transformed by (4. 1 . 1 ) : 

~. _ <95? ■ ~ _ dxJ . 

x ~dxl x ' Xi -^¥ Xj - 

For this reason, X l {x,p) are the coefficients of a distinguished vector 
field andX^x,/)) are the coefficients of a distinguished covector field, 
shortly denoted by d— vector (covector) fields. 
Analogously, for the 1-form ft): 

ft) = (Qidx 1 + CD 1 5 pj. 

Therefore, 

co H = a>jdx\ co v = 6) l 8pj. 

Then (Oi{x,p) are component of an one J— form on T*M and co'(x 7 p) 
are the components of a d— vector field on T*M. 

On the same way, we can define a distinguished (d— ) tensor field. 

A d— tensor field can be represented in adapted basis in the form 

T = rji-i (x, p) 8 h ®...® d js <8> dx jl ®...®8p r . (4.3.16) 

Its coefficients are transformed by (4.1.1) in the form: 
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-;. ,■ . . dx* 1 dx* r dx ky dx kl i u h , . ,,„ „^,s 

So, a J— tensor field T can be given by the coefficients T' 1 '"'- r (x,p) 

whose rule of transformation, with respect to (4.1.1) is the same with 
that of a tensor of the same type on the base manifold M of cotangent 
bundle (T*M,M,7l*). 

One can speak of the d— tensor algebra on T*M, which is not diffi- 
cult to be defined. 



4.4 N— linear connections 

As we know, a nonlinear connection N determines a direct decompo- 
sition (4.3.1) in respect to which we have 

X = X H +X V , oj = (O h + (0 V , \/X e 3£{T*M), Vw e 3T*(T*M). 

(4.4.1) 
Assuming that jV is a symmetric nonlinear connection we can give: 

Definition 4.4.1. A linear connection D on the manifold T*M is called 
an ,/V— linear connection if: 

l°D preserves by parallelism the distributions Af and V. 
2° The canonical symplectic structure = SpiAdx' has the associate 
tensor = dpi (g> dx l parallel with respect to D: 

Dd = 0. (4.4.2) 

It follows that: 

D x h = D x v = 

(4.4.3) 
D x Y = D x hY+D x vY. 

We obtain new operators of derivations in the algebras of J— tensors, 
defined by 

D§ = D x h, D x = D x v, \/X G JT (T*M). (AAA) 

We have 
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D X =D*+D V X ; D%f = X F f, D v x f = X v X 
D x ? (fY)=X H fY + fD x 'Y; D v x (fY) = X v fY + fD v x Y 



(4.4.5) 
fX ~ J^Xi "fX — J^X 



D" = fDS } D v fx = fD v 



z>fe = o, d x o = o. 

The operators D H \D V have the property of localization. They have 
the similarly properties with covariant derivative but they are not 

covariant derivative. D H is called h— covariant derivative and D v is 
called v— covariant derivative. They act on the 1 -forms 0) on T*M by 
the rules: 

(D%a>)(Y) =X h (o(Y)-cq(D x :y) 

(4.4.6) 

(D x co)(Y)=X v co(Y)-co(D x Y). 

The extension of these operators to the d— tensor fields is immediate. 
The torsion T of an TV— linear connection has the form 

n(X,Y)=D x Y-D Y X-[X,Y]. (4.4.7) 

It is characterized by the following vector fields: 

T(X H ,Y H ), T(X H ,Y V ), T(X V ,X V ). 

Taking the h— and v— components we obtain the J— tensor of torsion 

T(X H ,Y H ) = hT{X H J H ) +vT(X H ,Y H ), etc. 

Proposition 4.4.2. The d— tensors of torsion of an N— linear connec- 
tion D are: 

hT(X H , Y H ) = D*Y H - D^X H - [X H , Y H ] H 
hT(X H ,Y v ) = -D$X H +[X H ,Y V } H 

vT(X H J H ) = -[X H J H ] V (4.4.8) 

vT(X H J v )=D x 'Y v -[X H J v ] v 
vT(X v J v )=D v x Y v -D v Y X v -[X v J v ] v = 0. 
The curvature R of an TV— linear connection D is given by 
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R(XJ)Z=(D X D Y -D Y D X )Z-D [XY] Z. (4.4.9) 

Remarking that the vector field R(X,Y)Z H is horizontal one and 
R(X,Y)Z V is a vertical one, we have 

v(R(X,Y)Z H ) = 0, /i(M(X,y)Z K ) =0. (4.4.10) 

We will see that the J— tensors of curvature of D are: 

R{X H J H )Z H , R{X H J V )Z H , R(X V J V )Z H . (4.4.11) 

By means of (4.4.9) one obtains: 
Proposition 4.4.3. l°The Ricci identities ofD are 

[D Xl D Y ]Z = R(XJ)Z-D [x ^ Y] Z. (4.4.12) 

2° The Bianchi identities are given by 



£ {(D x T)(Y,Z)-R(XJ)Z + T(T(XJ),Z)} = 0, 

(XYZ) 

£ {(D x R)(U,Y,Z)-R(T(X,Y),Z)U} = 0, 

(XJ,Z) 



(4.4.13) 



where V means the cyclic sum. 

(XYZ) 

The previous formulae can be expressed in local coordinates, taking 

5 ; , d l , as the vectors X, Y,Z, U. But, first of all, we must introduce the 
local coefficients of an N— linear connection D. In the adapted basis 

(5,-, <?') we take into account the properties: 

*>8j=rf J ,DdJ=Dl. (4-4-14) 

Then, the following theorem holds: 

Theorem 4.4.1. 1° An N— linear connection D on T*M can be uniquely 
represented in adapted basis (St, d l ) in the form: 

D 8 8t = Bfj6 h ,D 8j d t = -H l hJ d h , 

(4.4.15) 
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2° With respect to (4.4.1) on T*M the coefficients H l - k (x,p) transform 
by the rule 

~ ■ dx r dx s dx* d 2 x* 

H ' s Wdx* = Ihf^'drfd* (4A16) 

and C\ (x,p) is a d— tensor of type (2, 1). 

The proof of this theorem is not difficult. 

Conversely, if N is an a priori given nonlinear connection and a 

set of functions H l - k (x,p),C-j (x,p) on T*M, verifying 2° is given, 

then there exists an unique N— linear connection D with the property 
(4.4.16). 

The action of D on the adapted cobasis (dx\ 8 pi) is given by 

Dg.dx 1 = -H[.dx\ D 8j 8 Pi = HfjSp k , 

(4.4.17) 
Djjdx 1 = -C' k j dx k , Djjdpi = cf J 8p k . 

The pair DF (N) = (H'- k , Cj ) is called the system of coefficients of D. 

Let us consider a d— tensor field T with the local coefficients 

T 1 .' '"'''■ (x,p), (see (4.3.15)) and a horizontal vector field X = X H = 

X%. ? 

By means of previous theorem we obtain for h— covariant deriva- 
tion D% of tensor T: 

D%T = X k TJl"j M)lk 8 h ® ... ® d js ® dx h <g> ... ® 8p ir , (4.4.18) 

where 

rpi\...i r _ c- T i l ...i r r r mi2...i rl ji\ , ,r r ir\...m l ji r 

Jl...js\k - d k T h-js + T h-h H mk + - + T h...j s H mk- 



(4.4.16') 



_ r r l l--- l rzjm r r l l--- l rzjm 

m...j s j\k ji...m j s k- 



The operator "|" is called h— covariant derivative with respect to 

Dr{N) = {H i jk ,C J i k ). 

Now, taking X = X v — Xid', the v— covariant derivative D V X T has 
the following form 



DlT =X k T 



Jl-Js 



k 



8 t ® . . . ® d js ® dx h ® ... <8) 8p ir , (4.4. 1 9) 
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where 

k 



rpl\...l r 

A -is 



a*r£"t + Tf;- A ';C^ + ... + r.^pi- 



(4.4.17') 



r r l \--- l rr^mk r r l \--- l rr^mk 

m...js h ji—m j s " 



The operator " — " is called the v— covariant derivative. 
Proposition 4.4.4. The following properties hold: 
l°T' l '"'. r : k is a d— tensor of type (r,s + 1). 



r\0 rpl\...l r 



k 

is a d— tensor of type (r + 1 , s). 



4° Xl = 8 k X i +X m H t rnk ; Xf = d k X l + X m C^ 
G>i\k = $kCOj - co m H™; 0)i |* = d k (0j - 0) m Cf k . 



(4.4.20) 



5° The operators "\" and "\" are distributive with respect to addi- 
tion and verify the rule of Leibnitz with respect to tensor product of 
d— tensors. 

Let us consider the deflection tensors of Dr[N): 

A iJ = p ilJ ,s{=p i \J. (4.4.21) 

One gets 

A ij =N lJ -p m H^o" J = d)-p m cf. (4.4.19') 

Proposition 4.4.5. IfH'- k (x,p) is a system of differ entiable functions, 
verifying (4.4.16), thenNjj(x,p) given by 

N l} =p m H™ j (4.4.22) 

determine a nonlinear connection in T*M. 

As in the case of tangent bundle, one can prove that if the base 
manifold M is paracompact, then on T*M there exist the iV— linear 
connections. 
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Indeed, on M there exists a Riemannian metric gij(x). Then the pair 
Dr(N) = (YjfrO) is an Af— linear connection on T*M, Y k (x) being 
the Christoffel coefficients and Njj = PmYn, are the coefficients of a 
nonlinear connection on T*M. 

In the adapted basis (Sj,d l ), the Ricci identitites (4.4.12) can be 
written in the form 

V' vi vnin i vi Tin vi\mn 

\i\h~ |%' K mJh~ JL \m I Jh~ JL \ Km J h 

vi \h vi\h vmr> i h vi r^mh vi\mr>h t\ a tj\ 

*\j\ ~ X \\J~ X F mJ~ X \m L j ~ X \ F mj (4.4.23) 

yi\j\h yi\h\j Y m <\ *J Y^\ m< \ J 

where 

^ h =H) h -Hi lp S/ h = Cj h - C\\ P) h = H) h - d%j (4.4.24) 

and Rmj^Cf 1 are the d— tensors of torsion and R k l - h , P k j h , S k are 
the d— tensors of curvature: 

R i jh = S hH l kj - 8jH l kh + H^H' mh - Hf h H l kh H l mj - C k m R mJh , 
Ptf = d h Hi.-C*. + C™P h mp si Jh = d h C«-dJC k h + 



I ri m J /~i ih f mh/~i l J 

' k m ^k ^ m ■ 



Evidently, these d— tensors of curvature verify: 



R(dJ,d h )8 k = sf j 8 



(4.4.25) 



(4.4.26) 



k "" 



and 



iiSjS^d^R^jd'; R(8j,d h )d k = -Pfity, 
l(dJ,d h )d k = -S' lkj dJ. 



(4.4.23') 



The Bianchi identities (4.4. 13), in adapted basis (<5,-, d') can be writ- 
ten without difficulties. 
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Applications: 

l°For a d— tensor g l i(x,p) the Ricci identities are 

„ l ] _„ l J a m JJ?i -L(t' m I? J —n'J T m aU\ m 1? 

* \k\h o \h\k~ * R mkh~ r % R mkh % \rn kh « I ^wttj 

o^ \ h —o i J\ h —p m Jp ih 4-p im pJ h — p l J r mh — p'J\ m P h (A All) 

% \k\ o \\k~8 mk^X ink & \rrik 6 I m/fe' V 7 

„i j\k\h n ij\h\k „n; / c i£/i _j_ „wn c J"'" „i ilmr Wj 

£ I I — £ I I — £ >V + <? ^m —g J \ ^m ■ 

In particular, if gV is covariant constant with respect to N— connection 
D, i.e. 

4 = 0, g lJ \ k = 0, (4.4.28) 

then, from (4.4.27) we have: 

s mj K kh +s im Rj tkh = ^ 

gr jpjih + ^np t Jlh = 0} ( 4.4.25') 

g' n JS,' n kh + g" n sf h = 0. 

Such kind of equations will be used for the Af— linear connections 
compatible with a metric structure G in (4.3.13). 

The Ricci identities applied to the Liouville-Hamilton vector field 
C* = pid 1 lead to the important identities, which imply the deflection 
tensors At, and §'■. 

Theorem 4.4.2. Any N —linear connection D on T*M satisfies the fol- 
lowing identities: 

Aj\k ~ Ak\j = -Pm R i"jk ~ AimTJ k - §i R m jk, 

Aij \ k - 8 k y = - Pm Pff - AtmCf - 87P mj , (4.4.29) 

8i\ k -8 k j \ j =-p m s i mjk -8rsJr. 

One says that are N— linear connection D is of Cartan type if Ajj = 
0, 8) = 8). 

Proposition 4.4.6. Any TV— linear connection D of Cartan type satis- 
fies the identities: 

p m R? jk + R ljk = 0, Pm Pi '] k + P k } = 0, p m S t mJk + S/ k = 0. (4.4.30) 
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Finally, we remark that we can explicitly write, in adapted basis, 
the Bianchi identities (4.4.13). 



4.5 Parallelism, paths and structure equations 

Consider the Hamiltonian systems (T*M,H, G), an iV— linear connec- 
tionDr(N) = (H i jk ,C l jk ). 

A curve c :I —> T*M, locally represented by 

j = x*(t),pi = pi(t), (4.5.1) 

has the tangent vector — in adapted basis (5,-, d l ): 

% = %**%», (4.5.2) 

at at at 

. 8 pi dpi 1T dxi _ _ , . . _ 

with = Nh . The operator ot co variant derivative D 

dt dt J dt 
along the curve c is 

If X = X'Si + Xjd 1 is a vector field then the operator X of covariant 
differential acts on the vector fields D by the rule: 

DX = (dx { +X m co' n )8i + {dXi-X m (0f)d\ (4.5.3) 

where 

CO) = H) k d^ + CfSp k (4.5 .4) 

is called the connection 1 —form. 

DX 

Therefore, the covariant differential is: 

dt 

DX fd* +r .!!k\8 l+ (^-t. J?>, (4.5.5) 



dt \ dt dt J \ dt dt 



4.5 Parallelism, paths and structure equations 77 

where — — is ——(x(t),p(t)),t G / and 
dt dt 

-^=H) k (x(t),p(t)) — + C J ik (x(t),p(t))^. (4.5.6) 

As usually, we introduce: 

Definition 4.5.1. The vector field X = X l {x,p)8i-\-X m {x,p)d l is par- 
allel, with respect to Dr(N), along smooth curve c : / — V T*M if 

^ = 0,V,e/. 

dt 
From (4.5.5) one obtains: 

Theorem 4.5.1. The vector field X = X l Si+Xjd l is parallel, with re- 
spect to the N— linear connection Dr(H'- k ,Cj ), along of curve c if, 

and only if, the functions X',Xi, (i = l,...,n) are solutions of the dif- 
ferential equations: 

^l+X-^ = 0^-X m ^ = 0. (4.5.7) 

dt dt dt dt 

The proof is immediate, by means of (4.5.5). 

A theorem of existence and uniqueness for the parallel vector fields 
along a given parametrized curve c in the manifold T*M can be for- 
mulated in the classical manner. Let us consider the case when a vec- 
tor field X is absolute parallel on T*M, with respect to an TV— linear 
connection D, i.e. DX = on T*M, [174]. 

Using the formula (4.5.3), DX = if and only if 

dX l +X m a i m = 0, dXi-X m cof = 0. 
Remarking (4.5.4), and that we have 

dX i =Xf k <b*+X i \ k 8p k 

dXf = Xi \ k dx k + X i \ k 8pk 

it follows that the equation DX = along any curve c on T*M is 
equivalent to 

x/. = o, x ! V = o 

(4.5.8) 

x, u = o,x,\j = o. 



78 4 The Geometry of Cotangent Manifold 

The differential consequence of the previous system are given by the 
Ricci identities (4.4.26), taken modulo (4.5.8). They are 

xhR h jk = o> xhp hj = °> xhs h k = ° 

(4.5.9) 
X A 7?.^ = 0, X h P v ) k = 0, X A £ ^ = 0. 

But, {X\X 1 } being arbitrary, it follows 

Theorem 4.5.2. The N— linear connection Dr(N) is with the abso- 
lute parallelism of vectors if, and only if the curvature tensor R ofD 
vanishes. 

Definition 4.5.2. The curve c : / — > T*M is called autoparallel for 
N— linear connection D if D<* • c — 0. 

dc dx l o v ' • 

Taking into account the fact that c — — = — 5,- H -d', one ob- 

dt dt dt 

tains 

Theorem 4.5.3. A curve c : / — > T*M is autoparallel with respect to 
Dr(N) if and only if the functions x?{t),Pi(t), t G /, are solutions of 
the system of differential equations 

d^ + d_x 1 o± = d_8p 1 _8p 1 col = 
dt 1 dt dt dt dt dt dt 

Of course, a theorem of existence and uniqueness for the autoparallel 
curves can be formulated. 

Definition 4.5.3. An horizontal path of Dr(N) is an horizontal au- 
toparallel curve. 

Theorem 4.5.4. The horizontal paths ofDT(N) are characterized by 
the differential equations 

d 2 x l i , ^dxi dx k „ „ „ , 

The curve c : / — > T*M is vertical at the point x l = x'(to), to E I of 
M if c(to) 6 V (vertical distribution). 

A vertical path at the point (x' Q ) G M is a vertical autoparallel curve 
at point (jcq). 
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Theorem 4.5.5. The vertical paths at a point xq = (x' Q ) G M with re- 
spect to Dr(N) are solutions of the differential equations 

W -Ci^p) — — = 0, X = Xo . (4.5.12) 

Now, we can write the structure equations of Dr(N) = (H l . k ,C/ ), 

remarking that the following geometric objects are a d— vector field 
and a d— covector field, respectively: 



d(dx') - dx' n A (0 l m ; ddpi + 8p m A CO 



and do)', — CO™ A co' m is a d— tensor of type (1,1). Here d is the operator 

of exterior differential. 

By a straightforward calculus we can prove: 

Theorem 4.5.6. For any N— linear connection D with the coefficients 
Dr(N) = (H l , k ,CJ ) the following structure equations hold: 

d(dx i )-dx m A(Q i m = -n i 

d{8 Pi ) + 8p m A co'? = -A (4.5.13) 

dco i j -co" j , Aco i m = -Q i j , 

where fl',£2j are 2— forms of torsion: 
1 ,. 



Q' = -T l Jk dxJ A dx k + CfdxJ A 8p k 



-RijkdxJ A dx k + P)jdxJ A 8 Pk + -i 



(4.5.14) 



4- = RijkdxJ A dx k + P k tj dxi A 8 Pk + -S/ k 8 Pj A 8 Ph 



and when Q l - is 2 -forms of curvature: 

a) = X -R l jkm dx* A dx> n +P/ k m dx k A 8 Pm + l -S l jkm 8 Pk A 8 Pm . (4.5. 15) 

Remarks. 

l°The torsion and curvature d— tensor forms (4.5.14) and (4.5.15) are 
expressed in Section 4 of this chapter. 
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2° The Bianchi identities can be obtained exterior differentiating the 
structure equations modulo the same equations. 



Chapter 5 
Hamilton spaces 



The notion of Hamilton space was defined and investigated by R. 
Miron in the papers [154], [174], [175]. It was studied by D. Hrim- 
iuc [109], H. Shimada [223] et al. It was applied by P.L. Antonelli, 
S. Vacaru, D. Bao et al. [251]. The geometry of these spaces is the 
geometry of a Hamiltonian system (T*A/, 0,//), where H(x,p) is a 
fundamental function of an Hamilton space H n = (M,H(x,p)). Con- 
sequently, we can apply the geometric theory of cotangent manifold 
T*M presented in the previous chapter, establishing the all fundamen- 
tal geometric objects of the spaces H n . 

As we see, the geometry of" Hamilton spaces can be studied as dual 
geometry, via Legendre transformation of the geometry of Lagrange 
spaces. 

In this chapter we study the geometry of Hamilton spaces, com- 
bining these two methods. So, we defined the notion of Hamilton 
space H n , the canonical non-linear connection N of H'\ the metri- 
cal structure and the canonical metrical linear connection of H n . The 
fundamental equations of//' 1 are the Hamilton-Jacobi equations. The 
notion of parallelism with respect to a A/— metrical connection and 
its consequences are studied. As applications we study the notion of 
Hamilton spaces of the electrodynamics. Also the almost Kahlerian 
model of the spaces H n is pointed out. 



5.1 Notion of Hamilton space 

Let M be a real differential manifold of dimension n and (T*M, K* , M) 
its cotangent bundle. A differentiable Hamiltonian is a mapping H : 

T*M -> R differentiable on T*M = T*M \ {0} and continuous on the 
null section. 
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The Hessian of //, with respect to the momenta variable pi of dif- 
ferential Hamiltonian H(x,p) has the components 

Idpidpf 

Of course, the Latin indices ?', j, . . . run on the set { 1 , . . . , n}. 

The set of functions g lJ (x,p) determine a symmetric contravariant 
of order 2 tensor field on TM . H(x,p) is called regular if 

det(g ij (x,p)) ^ on f*M. (5.1.2) 

Now, we can give 

Definition 5.1.1. A Hamilton space is a pair H n — (M,H(x,p)) where 
M is a smooth real, n— dimensional manifold, and H is a function on 
T*M having the properties 

\°H : (x,p) e T*M -)• H(x,p) eRisa differentiable function on T*M 
and it is continuous on the null section of the natural projection 
7t*T*M^M. 

2°The Hessian of// with respect to momenta pi given by ||g !7 (x,j!?) ||, 

(5.1.1) is nondegenerate i.e. (5.1.2) is verified on T*M. 
3° The J— tensor field g'J(x,p) has constant signature on the manifold 
f*M. 

One can say that the Hamilton space H" = (M,H(x 1 p)) has as fun- 
damental function a differentiable regular Hamiltonian for which its 
fundamental or metric tensor g'J(x, p) is nonsingular and has constant 
signature. 
Examples 

l°If M n = (M,gij(x)) is a Riemannian space then H n = (M,H(x,p)) 
with 

H(x,p) = —g i J(x)p iPj (5.1.3) 

mc 

is an Hamilton space. 
2° The Hamilton space of electrodynamics is defined by the funda- 
mental function 

H(x,p) = —g l J( x )p iPj - ^A\x) Pi - -^A i (x)A i (x), (5.1.4) 
mc mc L mc A 
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where m,c,e are the known physical constants, gjj(x) is a pseudo- 
Riemannian tensor and Aj(x) are a d— covector (electromagnetic 
potentials) and A'(jc) = g'-'Aj. 

Remark 5.1.1. The kinetic energy for a Riemannian metric ffl n = 
(M,gjj(x)) is given by 

T{x,x) = -gij(x)x'x J 

and for the Hamilton space H" = (M, H{x, p)) with //(*, p) —g lJ (x)piPj 
it is 

^(Xt?) = -jg ll PiPj- 

Therefore, generally, for an Hamilton space H n = (M,H(x,p)) is 
convenient to introduce the energy given by the Hamiltonian 

jr(x,p) = ^H(x,p). (5.1.5) 

One obtain: 

d i d J JP = g iJ (x,p). (5.1.6) 

Consider the Hamiltonian system (T*M, d,J$?), where 6 is the nat- 
ural symplectic structure on T*M, 6 = dpiAdx' (Ch. 4). The isomor- 
phism Sg, defined by (4.1.7) can be used and Theorem 4.2 can be 
applied. 

One obtain 

Theorem 5.1.1. For any Hamilton space H n = (M,H(x,p)) the fol- 
lowing properties hold: 

1° There exists a unique vector field Xh € S£ (T*M) for which 

i H e = -dJ^. (5.1.7) 

2°Xjj is expressed by 

XH= d^d__d^_d__ 
dpi dx l dx l dpi 

3° The integral curves ofX# are given by the Hamilton-Jacobi equa- 
tions 

dx' _ dJF dpj _ dje 

dt dpi ' dt dx 1 
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Since 

dff 

dH 

it follows — — = 0. Then: The fundamental function H(x,p) of a 

Hamilton space H n is constant along the integral curves of the Hamil- 
ton - Jacobi equations (5.1.9). The Jacobi method of integration of 
(5.1.9) expound in chapter 4 is applicable and the variational prob- 
lem, in §4.2, ch. 4, can be formulated again in the case of Hamiltonian 
systems (T*M,e,Jt?). 



5.2 Nonlinear connection of a Hamilton space 

Let us consider a Hamilton space H n C (M,H(x,p)). The theory of 
nonlinear connection on the manifold T*M, in ch. 4, can be applied in 
the case of spaces H n . We must determine a nonlinear connection N 
which depend only by the Hamilton space H n , i.e. N must be canonical 
related to H", as in the case of canonical nonlinear connection from 
the Lagrange spaces. To do this, direct method is given by using the 
Legendre transformation, suggested by Mechanics. We will present, 
in the end of this chapter, this method. 

Now, following a result of R. Miron we enounce without demon- 
stration (which can be found in ch. 2, §2.3) the following result: 

Theorem 5.2.1. 1° The following set of functions 

N,,= |to,»} - \ (*^J+«^) <5 ' 2 ' 1) 

are the coefficients of a nonlinear connection of the Hamilton space 
H n = (M,H{x,p)). 
2° The nonlinear connection N with coefficients Ny, (5.2.1) depends 
only on the fundamental function H(x,p). 

The brackets {, } from (5.2.1) are the Poisson brackets (, ), §5.1. 

Indeed, by a straightforward computation, it follows that, under a 
coordinate change ( ),Ntj(x,p) from (5.2.1) obeys the rule of transfor- 
mation of the coefficients of a nonlinear connection N. Evidently Ny 
depend on the fundamental function H(x,p) only. ,/V— will be called 
the canonical nonlinear connection of the Hamilton space H". 

Remark 5.2.2. If the fundamental function H(x,p) of H" is globally 
defined, on T*M then the horizontal distribution determined by the 
canonical nonlinear connection ,/V has the same property. 
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It is not difficult to prove: 

Proposition 5.2.1. The canonical nonlinear connection N has the 
properties 

X t j = -(Njj -Njt) = (it is symmetric) (5.2.2) 

Ri jk +Rj ki + R kij = (5.2.3) 

Taking into account that N is a horizontal distribution, we have the 
known direct decomposition: 

Tu'FM = N u © V m Vw e •PM, (5.2.4) 

it follows that (5/, d l ) is an adapted basis to the previous splitting, 
where 

8i = di-Nijd j (5.2.5) 

and the dual basis {dx 1 , dpi) is: 

8pi = dpi-Nijdx j . (5.2.5') 

Therefore we apply the theory to investigate the notion of metric 
N— linear connection determined only by the Hamilton space H" . 



5.3 The canonical metrical connection of Hamilton 
space H n 

Let us consider the Af— linear connection Dr(N) = (H l - k ,Cj ) for 

which Af is the canonical nonlinear connection. By means of theory 
from chapter 4 we can prove: 

Theorem 5.3.1. In a Hamilton space H" = (M, H(x, p) ) there exists 

a unique N— linear connection DT(N) = (H'- kl Cj ) verifying the 

axioms: 

N is the canonical nonlinear connection. 
2° The fundamental tensor g'J is h—covariant constant 

4 = Skg i} + g SJ H l sk + g ls Hi k = 0. (5.3.1) 
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3° The fundamental tensor g'J is v—covariant constant 

g >J\ k = d k C' J + g sj C k + g is k = 0. (5.3.2) 

4 Dr(N) is h— torsion free: 

Tjk = H)k-Kj=Q (5-3.3) 

5°Dr{N) isv— torsion free: 

sj k = cj k -c* J = o. 

2) The N—connectiom Dr(N) which verify the previous axioms has 
the coefficients H l - k and Cf given by the coefficients H'- k and Cj given 
by the following generalized Christoffel symbols: 

H jk = 2^ S ( 5 JSsk + Skgjs - 8 s gjk), 

(5.3.4) 

ci k = --g i s(dJg sk + d k gJ°-d s gi k ). 

Clearly CT(N) with the coefficients (5.3.4) is determined only 
by means of the Hamilton space H n . It is called canonical metrical 
N— linear connection. 

Now, applying theorems from ch. 4 we have: 

Theorem 5.3.2. With respect to Cr(N) we have the Ricci identities: 

A \j\k~ A \k\j~ A K mjk~ A I K mjh 

vi \k vi\k vmr> i k vi s~< mk vi\mr> k /r -j ;•, 

X \P ~ X I \j~ X "nj~ X \m L j - X \^mj i 5 -^ 5 ) 

vi\i\k vi\k\i \rmc< ijk 
A II — A I \ A "m 5 

where the d— tensors of torsion Rijk,P l jk an d d tensors of curvature 

R- kh , P t J h , Sj l are expressed in chapter 4. 

The structure equations, parallelism, autoparallel curves of the 
Hamilton spaces are studied exactly as in chapter 4. 

Example. The Hamilton space of electrodynamics H" = (M,H(x,p)) 
where the fundamental function is expressed in (5.1.4). The funda- 
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mental tensor is — g ij (x). The canonical nonlinear connection has 

mc 
the coefficients 



N tj = $Ax)p h + -(A ilk +A k{i ) (5.3.6) 



where yf.(jc) are the Christoffel symbols of the covariant tensor of 
metric tensor g'J(x). Evidently A^ k = d k Aj — A s Y ik - 

Q Q - ■ (J Q ■ ■ 

Remarking that —j- = -—-j- we deduce that: the coefficients of 
ox k ox k 
canonical metrical Af— connection HT(N) are: 



H) k (x) = f ik (x),CJ k = 0. 



These geometrical object fields H, gij, H'- k , C\ allow to develop the 
geometry of the Hamilton spaces of electrodynamics. 



5.4 Generalized Hamilton Spaces GH n 

A straightforward generalization of the notion of Hamilton space is 
that of generalized Hamilton space. 

Definition 5.4.1. Ageneralized Hamilton space is a pair GH' 1 = (M, 
g l i(x,p)) where M is a smooth real n— dimensional manifold and 

g'j(x,p) is a J— tensor field on T*M of type (0,2) symmetric, non- 
degenerate and of constant signature. 

The tensor ^ ,J (x,p) is called fundamental. If M a paracompact on 
T*M there exist the tensors g l i(x,p) which determine a generalized 
Hamilton space. 

From the definition 5.1.1 it follows that: Any Hamilton space H n = 
(M,H) is a generalized Hamilton space. 

oij 

The contrary affirmation is not true. Indeed, if g (x) is a Rieman- 
nian tensor metric on M, then 

g'j(x,p) = e- 2a(x ^g J (x), o e J?(T*M) 

determine a generalized Hamilton space and g lJ (x,p) does not the fun- 
damental tensor of an Hamilton space. 
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So, it is legitime the following definition: 

Definition 5.4.2. A generalized Hamilton space GH n = (M,g l J(x,p)) 
is called reducible to a Hamilton space if there exists a Hamilton func- 
tion H(x,p) on T*M such that 

gV(x,p) = ^WH. (5.4.1) 

Let us consider the Cartan tensor: 

C l J k = \d l g jk . (5.4.2) 

In a similar manner with the case of generalized Lagrange space (ch. 
2, §2.8) we have: 

Proposition 5.4.2. A necessary condition that a generalized Hamilton 
space GH n — (M,g'->(x,p)) be reducible to a Hamilton one is that the 
Cartan tensor C l i{x,p) be totally symmetric. 

There exists a particular case when the previous condition is suffi- 
cient, too. 

Theorem 5.4.1. A generalized Hamilton space GH n = (M,g lJ (x,p)) 

for which the fundamental tensor g' J (x,p) is O-homogeneous is re- 
ducible to a Hamilton space, if and only if the Cartan tensor C ijk (x,p) 
is totally symmetric. 

Indeed, in this case H{x, p) = g l i{x, p)ptPj is a solution of the equa- 
tion (5.4.1). 

Let gij(x,p) be the covariant of fundamental tensor g l} (x,p), then 
the following tensor field 

<? = -\g,s{d j g sk + d k gJ* - dY k ) (5.4.3) 

determine the coefficients of a v— covariant derivative, which is met- 
rical, i.e. 

g iJ\ k = d k g ij + C?g s i + C{ k g is = 0. (5.4.4) 

The proof is very simple. 

We use this v— derivation in the theory of canonical metrical con- 
nection of the spaces GH n . 

In general, we cannot determine a nonlinear connection from the 

fundamental tensor g' J of GH n . Therefore we study the geometry of 
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spaces GH" when a nonlinear connection N is a priori given. In this 
case we can apply the methods used in the construction of geometry 
of spaces H n . 

Finally we remark that the class of spaces GH n include the class of 
spaces H": 

{GH n } D {H n }. (5.4.5) 



5.5 The almost Kahlerian model of a Hamilton space 

Let H n = (M,H(x,p)) be a Hamilton space and g'J(x,p) its funda- 
mental tensor. 

The canonical nonlinear connection N has the coefficients (5.2.1). 

The adapted basis to the distributions N and V is I — — = <5 ; = di+ 

\OXi 



Nijd ] , d' ) and its dual basis (dx\ dpt = dp\ — Njjdx J ). 

Thus, the following tensor on the cotangent manifold T*M = T*M\ 
{0} can be considered: 

G = g ij {x,p)dx i ®dx J +g ij 8pt <g> Spj. (5.5.1) 

G determine a pseudo-Riemannian structure on T*M. If the funda- 
mental tensor g lJ (x,p) is positive defined, then G is a Riemannian 
structure on T*M. G is called the Af— lift of the fundamental tensor 
g lJ '. Clearly, G is determined by Hamilton space H N , only. 
Some properties of G: 

1°G is uniquely determined by g l J and Ny. 
2° The distributions Af and V are orthogonal. 

Taking into account the mapping F : 3£{f*M) ->■ ^(T*M) defined 
in (4.3.10) or, equivalently by: 

F = - glJ d l ® dx J + g ij 8i <g> Spj, (5.5.2) 

one obtain: 

Theorem 5.5.1. 1°F is globally defined on the manifold T*M. 
2°F is an almost complex structure on T*M: 

F-F = -7. (5.5.3) 
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3°F depends on the Hamilton spaces H n only. 

Finally, one obtain a particular form of the Theorem 4.3.2: 
Theorem 5.5.2. The following properties hold: 

1° The pair (G,F) is an almost Hermitian structure on the manifold 

f*M. 

2° The structure (G, F) is determined only by the fundamental function 
H(x,p) of the Hamilton space H n . 

3° The associated almost symplectic structure to (G,F) is the canoni- 
cal symplectic structure 6 = dpi A dx l = dpi A dx l . 

4° The space (T*M, G, F) is almost Kdhlerian. 

The proof is similar with that for Lagrange space (cf. Ch. 3). 

The space Jf 2 n = (T*M, G,F) is called the almost Kahlerian 

model of the Hamilton space H n . By means of Jf 2n we can real- 
ize the study of gravitational and electromagnetic fields [176], [182], 

[183], [185], on f*M. 



Chapter 6 
Cartan spaces 



A particular class of Hamilton space is given by the class of Cartan 
spaces. It is formed by the spaces H" = (M,H(x,p)) for which the 
fundamental function H is 2— homogeneous with respect to momenta 
Pi. It is remarkable that these spaces appear as dual of the Finsler 
spaces, via Legendre transformations. Using this duality, several im- 
portant results in Cartan spaces can be obtained: the canonical non- 
linear connection, the canonical metrical connection etc. Therefore, 
the theory of Cartan spaces has the same symmetry and beauty like 
Finsler geometry. Moreover, it gives a geometrical framework for the 
Hamiltonian Mechanics or Physics fields. 

The modern formulation of the notion of Cartan space is due of R. 
Miron, but its geometry is based on the investigations of E. Cartan, 
A. Kawaguchi, H. Rund, R. Miron, D. Hrimiuc, and H. Shimada, PL. 
Antonelli, S. Vacaru et. al. This concept is different from the notion 
of areal space defined by E. Cartan. 

In the final part of this chapter we shortly present the notion of 
duality between Lagrange and Hamilton spaces. 



6.1 Notion of Cartan space 

Definition 6.1.1. A Cartan space is a pair C" = (M,K(x,p)) where M 
is a real n— dimensional smooth manifold and K : T*M — > R is a scalar 
function which satisfies the following axioms: 

1. K is differentiable on T*M and continuous on the null section of 
n* : T*M ->■ M. 

2. K is positive on the manifold T*M. 

3. K is positive 1 —homogeneous with respect to the momenta />,-. 

4. The Hessian ofK 2 having the components 
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gV(x,p) = l -d l ^K 2 (6.1.1) 

is positive defined on the manifold T*M. 

It follows that g l i(x,p) is a symmetric and nonsingular J— tensor field 
of type (0,2). 

So, we have 

rank||g y (y,/?)|| =«on 7/*M. (6.1.2) 

The functions g l J(x,p) are 0— homogeneous with respect to mo- 
menta pi. 

For a Cartan space c <f' 1 = (M,K(x,p)) the function ^ is called fun- 
damental function and g'J the fundamental or metric tensor. 

If the base M is paracompact, then on the manifold T*M there exists 
real function K such that the pair (M,K) is a Cartan space. 

Indeed, on M there exists a Riemann structure gij(x), x e M. Then 

*(*,/0 = {g y (*)/Wy} 1/2 C 6 - 1 - 3 ) 

determine a Cartan space. 
Other examples are given by 

K = a* + p* (6.1.4) 

(a*) 2 

where 

a* = {*" «w} 1/2 , J3* = ^'Wp, (6.1.6) 

^ from (6.1.4) is called a Randers metric and K from (6.1.5) is called 
a Kropina metric. 

A first and immediate result: 

Theorem 6.1.1. Ifif 1 = (M,K) is a Cartan space then the pair H^ = 
(M,K 2 ) is an Hamilton space. 

H^ is called the associate Hamilton space with c <o n . 

This is the reason that the geometry of Cartan space include the 
geometry of associate Hamilton space. So, we have the sequence of 
inclusions 

{M n } C {%?"} C {H n } C {GH n } (6.1.7) 

where {^"} is the class of Riemann spaces M n = (M,g lJ (x)) which 
give the Cartan spaces with the metric (6.1.3). 
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Now we can apply the theory from previous chapter. 
The canonical symplectic structure 6 on T*M: 

9=dp i Adx i (6.1.8) 

and "af determine the Hamiltonian system (T*M, 9,K 2 ). Then, setting 

<^ = \k 2 1 (6.1.9) 

we have: 

Theorem 6.1.2. For any Cartan space ^' 7 = (M,K(x,p)), the follow- 
ing properties hold: 

1° There exists a unique vector field X K i on T*M for which 

i XK Q = -dX. (6.1.10) 

2° The vector field Xk is expressed by 

XK= d_^d__d_X_d_ (6in) 

dpi dx l dx l dpi 

3° The integral curves of the vector field Xk are given by the Hamilton- 
Jacobi equations: 

dx 1 dJ^ dpi dJXf ... 

~r = ^ — > — T = — T^- (o.l.lz) 

dt dpi dt ox 1 

d Jf? 
One deduce — — = {Jfr, J(f} = 0. So: 

1 , 
Proposition 6.1.1. The fundamental function Jc = -K of a Cartan 

space is constant along the integral curves of the Hamilton- J acobi 
equations (6.1.12). 

The Jacobi method of integration of (6. 1 . 1 2) can be applied. 

The Hamilton-Jacobi equations of a Cartan space $ are funda- 
mental for the geometry of c £ n . Therefore, the integral curves of the 
system of differential equations (6.1.12) are called the geodesies of 
Cartan space c € n . 

Other properties of the space c € n : 

\° p l = -d'K 2 is a 1 -homogeneous J— vector field. 
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2°g'-> = d-ip 1 = -d'dJfC 2 is O-homogeneous tensor field (the funda- 
mental tensor of c to n ). 
3°C l J h = — d l d^d h K 2 is ( — 1)— homogeneous with respect to pi. 

Proposition 6.1.2. We have the following identities: 

P l =8 lJ Pj, Pi = 8t]P i , (6-1.13) 

K 2 = g'Jp iPj = p l p i , (6.1.14) 

CJ h p h = C ih Jp h = C h 'i Ph = 0. (6.1.15) 

Proposition 6.1.3. The Cartan space c £ n = (M,K(x,p)) is Rieman- 
nian if and only if the d— tensor C^ h vanishes. 

Consider J— tensor: 

qf* = -^V* = gtoC^. (6.1.16) 

Thus Cj l are the coefficients of a v— metric covariant derivation: 

gy|*=o, sf =o 

(6.1.17) 
Pt\ k =8* 



6.2 Canonical nonlinear connection of ff" 

The canonical nonlinear connection of a Cartan space ff" = (M, K) 
is the canonical nonlinear connection of the associate Hamilton space 
H% = (M,K 2 ). Its coefficients Ny are given by (5.2.1). 
Setting 

Yjh = ^(djgsh + d hgjs - d s g jh ) (6.2.1) 

for the Christoffel symbols of the covariant of fundamental tensor of 
^ n and using the notations 

^h = fjhPU f j0 = f jh PiP\ (6-2.2) 

we obtain: 
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Theorem 6.2.1 (Miron). The canonical nonlinear connection of the 
Cartan space ff' 1 = (M,K(x,p)) has the coefficients 

Nij = fij ~ \ f h od h gij. (6.2.3) 

The proof is based on the formula (5.2.1). 

Evidently, the canonical nonlinear connection is symmetric 

N i} =Nji. (6.2.4) 

Let us consider the adapted basis (5 ; , d l ) to the distributions N (de- 
termined by canonical nonlinear connection) and V (vertical distribu- 
tion). We have 

8 i = d i +N i jd j . (6.2.5) 

The adapted dual basis (dx 1 , dpi) has the forms dpf. 

8pi = dpi-Nijdx j . (6.2.5') 

The J— tensor of integrability of horizontal distribution N is 

R ij h = 8 h N ji -8jN hi . (6.2.6) 

By a direct calculus we obtain 

Ri jh +Rjki + Rkij = 0. (6.2.7) 

Proposition 6.2.4. The horizontal distribution N determined by the 
canonical nonlinear connection of a Cartan space ff' 1 is integrable 
if and only if the d— tensor field Rtjk vanishes. 

Proposition 6.2.5. The canonical nonlinear connection of a Cartan 
space < rf n (M,K(x,p)) depends only on the fundamental function K(x, 

P). 



6.3 Canonical metrical connection of ^ n 

Consider the canonical metrical TV— linear connection of the Hamilton 
space Hg = (M, K 2 ) . It is the canonical metrical TV— linear connection 

of the Cartan space <*f n = (M, K) . It is denoted by Cr (N) = {H) k , Cj k ) 
and shortly is named canonical metrical connection of c io n . 
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Then, theorem 5.3.1. implies: 

Theorem 6.3.1. 1) In a Cartan space < £ n = (M,K(x,p)) there exists 
a unique N— linear connection Cr(N) — (HL^Cj ) verifying the ax- 
ioms: 

1°N is the canonical nonlinear connection of c £ n . 
2°Cr(N) is h— metrical 

g\i = 0. (6.3.1) 

3°Cr(N) is v— metrical: 

g ij \ h = 0. (6.3.2) 

4°Cr(N) is h-torsionfree: T jh = H) h -H) h = 0. 
5°Cr(N) is v -torsion free: S t jh = Cf h - cf j = 0. 

2) The connection Cr(N) has the coefficients given by the generalized 
Christoffel symbols: 

H jh = 2S is ( S jSsh + Shgjs ~ 8 s gjh) 

(6.3.3) 

<t = -\gis{d j g sh + d h g JS ~ d s g jh ). 

3) Cr(N) depends only on the fundamental function K of the Cartan 
space c € n . 

The connection Cr(N) is called canonical metrical connection of 
Cartan space ^ n . 

We denote CT = (#(/,#}*, CJ k ) . 

ih 

Evidently, the J— tensor Cj has the properties (6.1.15) and the co- 
efficients Cr have 1,0,-1 homogeneity degrees. 

Proposition 6.3.6. The canonical metrical connections has the tensor 
of deflection: 

A lJ = p l y = 0, d)= P j\ l = 8). (6.3.4) 

But, the previous result allows to give a characterization of CT by 
a system of axioms of Matsumoto type: 

Theorem 6.3.2. 1° For any space "af" = (M,K(x,p)) there exists a 

3* 



unique linear connection CT = (Nij,H l j k ,Cf ) on the manifold TM 
verifying the following axioms: 
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\'.Aij=0; 2'.gg = 0; 3'.^\ h = 0; 4'. 7J, = 0; 5'. sf = 0. 

2° 77?e previous metrical connection is exactly the canonical metri- 
cal connection Cr. 

The following properties of Cr(N) are immediately 

l°K ]h = 0,K\ h = ^; 

2°Kf h = 2p h ; 

ypt\j = 0, Pi \J = 8{; 

A°p\ ] =0,p l \J = ^. 

And the d— tensors of torsion of Cr(N) are 

ri — o cJ h _ 

l jh — u > 3 i — u > ^;'A — "j/, 



Rijh = ShNij - 5jN ih , Cf h , T) h = 0, Sj h = 0,P) h = H) h - d l Nj h . 



(6.3.5) 
Of course, we have 

Rijh = -Rihj, Pj h = Pip Cj h = Cf j . (6.3.6) 

Proposition 6.3.7. The d— tensor of curvature S 1 ^ l is given by: 

sii h = CfcH-C™ J C%. (6.3.7) 



R'ih = 8 l % J ^etc. 



Denoting by 

° kh = & ^skJV 

and applying the Ricci identities (5.3.5), one obtains: 

Theorem 6.3.3. The canonical metrical connection Cr(N) of the Car- 
tan space ff" satisfies the identities: 

R\ +R Jl kh = 0, P ij k h +P j l h = 0, s ijkh + S jikh = 0. (6.3.8) 

Ri°jk+Rijk = 0, P i °j k +P k i j = 0, Sf = 0. (6.3.9) 

R oJk = 0,P k oJ = 0. (6.3.10) 

Of course, the index "o" means the contraction by p, or p'. 
The 1-form connections of Cr(N) are: 

(o'j = H l jh dx h + CfSp h . (6.3. 1 1) 
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Taking into account (6.2.5'), one obtains 

Theorem 6.3.4. The structure equations of the canonical metrical 
connection CT(N) of the Cartan space c 6' n = (M,K(x,p)) are 

d(dx i )-dx m A(O i m = -n i ; 

d(dp i ) + 8 Pm A(0'P = -n i ; (6.3.12) 

dco i j -cojA(o i m = -n i j , 

o 

fi', fij being the 2-forms of torsion: 

n i = Cfdx-'A8p k 



o I 

Q { = -R ijk dx J A dx k +P k jj dx J A 8p k 



(6.3.13) 



and Q'- is 2-form of curvature: 



nj=^l? jM dx k Adx m +P j i k m dx k A8p m +^SJ km 8p k A8p m . (6.3.14) 
Applying Proposition 4.4.2, we determine the Bianchi identities of 

cr(N). 

Now, we can develop the geometry of the associated Hamilton 
space Hfe = (M,K 2 (x,p)). Also, in the case of Cartan space, the geo- 
metrical model J^ 2n = (T*M,G,¥) is an almost Kahlerian one. 

Before finish this chapter is opportune to say some words on the 
Legendre transformation. 



6.4 The duality between Lagrange and Hamilton 
spaces 

The duality, via Legendre transformation, between Lagrange and Hamil- 
ton space was formulated by R. Miron in the papers and it was devel- 
oped by D. Hrimiuc, P.L. Antonelli, D. Bao, et al. Of course, it was 
suggested by Theoretical Mechanics. 

The theory of Legendre duality is presented here follows the Chap- 
ter 7 of the book [ 1 74] . 
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Let L be a regular Lagrangian, Jzf = —L on a domain ^ C TM and 

let H be a regular Hamiltonian Jf? = -H, on a domain ^* C T*M. 

Hence for <9, = -=-^, d' = — — the matrices with entries: 
dy l dpi 

gij(x,y) = didj^(x,y), 

(6.4.1) 
g*v(x,p) = d i dJJ!?(x,p) 

axe nondegenerate on Ql and on 3>* , (i, j, . . . — 1 , 2, . . . , n) . 

Since Jzf E ^(2>) is a differentiable map consider the fiber deriva- 
tive of Jzf locally given by 

p(x,y) = (x^Jzf (x,y)) (6.4.2) 

which is called the Legendre transformation. It is easy to see that: Jzf is 
a regular Lagrangian if and only if (p is a local diffeomorphism, [174] . 
In the same manner, for J^ 6 J^f^*, the fiber derivative is locally 
given by 

V/(x,y) = (^«9'^(*,y)), (6.4.3) 

which is a local diffeomorphism if and only if Jf is regular. 

Now, let us consider -L(x,y) = Jzf (x,y) the fundamental function 

of a Lagrange space. Then (p defined by (6.4.2) is a diffeomorphism 
between two open set U C @ and [/* c $>*. In this case, we can define 

jr{x,p)= P Q?-Jf{x,y), (6.4.4) 

where y— (/) is solution of the equation 

Pi = di&(x,y). (6.4.4') 

Remark 6.4.1. In the theory of Lagrange space the function <§{x,p) = 
y'diJz? — Jz?(x 7 y) is the energy of Lagrange space LT. 

It follows without difficulties that H * n = (M,H*(x,p)),H* = 2 JT * 
is a Hamilton space. Its fundamental tensor g^^x^p) is given by 
^{x.cp-^x.p)). 

We set H*" = Leg L n and say that H* n is the dual of L" via Legendre 
transformation determined by L n . 
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Remark 6.4.2. The mapping Leg was used in chapter 2 to transform 
the Euler-Lagrange equations (ch. 2, part I) into the Hamilton-Jacobi 
equations (ch. 2, part I). 

Analogously, for a Hamilton space H" = (M,H(x,p)), M' = -H, 
consider the function 

sr(x,y)= Piy J -je>(x,p), 

where p = (p,-) is the solution of the equation (6.4.4). Thus L* n = 
(M,L*(x,y)), L* = 2Jz?*, is a Lagrange space, dual, via Legendre 
transformation of the Hamilton space H". So, L* n = Leg H n . 
One proves: Leg (Leg L")=L n , Leg [Leg H n ) = H". 

The diffeomorphisms <p and i// have the property a> — y~ . And 
they transform the fundamental object fields from L in trie funda- 
mental object fields of H* n = Leg L'\ and conversely. For instance, 
the Euler-Lagrange equation of L" are transformed in the Hamilton- 
Jacobi equations of H . The canonical nonlinear connection of L n is 
transformed in the canonical nonlinear connection of H* n etc. 

Examples. 

1° The Lagrange space of Electrodynamics Lq = (M,Lo(x,y)): 

• • 2e 

Lo(x,y) = mcy ij (x)y l y J + —Ai(x)y % 

where Yij( x ) 1S a pseudo-Riemannian metric, has the Legendre trans- 
formation: 

i i 1 dLo / \ e . , \ 

<p : x 1 = x\ pi = -3-r = mcYij(x)y + -Aj(x) 
2 ay 1 J m 

and 

p- 1 = yf : x 1 = x\ / = — yU{x) (pj - -Aj(x) 

mc V m 

The Hamilton space Hq = Leg Lq has the fundamental function: 

^0* = —f j {x) Pi pj - ^A\x)pi + -^A i (x)A J (x). (6.4.5) 
mc mc L mc^ 

2° The Lagrange space of Electrodynamics L n = (M,L(x,y)) in 
which L = L + U(x), ((2.1.4, Ch. 2)), i.e. 
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L(x,y) = mcYijWyi + —A^y 1 + U(x), 
J m 

has the Legendre transformation: 

e 
m 

-Y j (x)(pj-- 

mc V m 

And H* n = Leg L n has the fundamental function H*(x,p) given by 

1 Hi \ 2e 



q>i : x l =x\ pi = mcy ij {x)y J + -A ( (x 

(p r l = xjf: x l = x\ / = —Y j (x) ( Pj - -Aj 

mc V m 

= Leg L" has the fundamental function H*(x,i 
1 •• 2e 

H *( X 'P) = — , u^ 3 {*)PiPj - —, — -jr^PiA\x)+ 



— —Ai(x)A'{x)-- — 



<?(m+%) c c 

3° The class of Finsler space {F n } is inclosed in the calss of La- 
grange space {L"}, that is {F n } C {L }, one can consider the re- 
striction of the Legendre transformation Leg L n to the class of Finsler 
spaces. 

In this case, the mapping (p : (jc, v) G D — >■ (x,p) G D* is given by 

(p(x,y) = (x,p) with 

Pi = \d l F 2 (6.4.6) 

and one obtains: Leg(F n ) = c €* n , ^* n = {M,K*(x,p)) with 

K* 2 = 2 Pl y l -F 2 {x,y) =y l d l F 2 {x,y) =F 2 {x,y) 

and y l is solution of the equation (6.4.6). 

Theorem 6.4.1. The dual, via Legendre transformation, of a Finsler 
space F" = (M,F(x,y)) is a Cartan spaced*" = (M,F(x, (p~ l (x,p))). 



Part II 
Lagrangian and Hamiltonian Spaces of 

higher order 



In this part of the book we study, the notions of Lagrange and Hamil- 
ton spaces of order k. They was introduced and investigated by the 
author [161]. Without explicitly formulated a clear definition of these 
spaces, a major contributions to edifice of these geometries have been 
done by M. Crampin and colab. [64], M. de Leone and colab. [138], 
A. Kawaguchi [120], I. Vaisman [254] etc. 

For details, we refer to the books: The Geometry of Higher Or- 
der Lagrange Spaces. Applications to Mechanics and Physics, Kluwer 
Acad. Publ. FTPH, 82, 1997, [161]; The Geometry of Higher-Order 
Finsler Spaces, Hadronic Press, Inc. USA, 1998, [162]; The Geometry 
of Higher Order Hamilton Spaces. Applications to Hamiltonian Me- 
chanics, Kluwer Acad. Publ., FTPH 132, 2003 [163]; as well as the 
papers [167]-[172]. 

This part contents: The geometry of the manifold of accelerations 

T k M, Lagrange spaces of order k, LS k ' n , Finsler spaces of order k, 
p{k)n an( j dual, via Legendre transformation Hamilton spaces H^ k ' n 
and Cartan spaces ^w w . 



Chapter 1 

The Geometry of the manifold T k M 



The importance of Lagrange geometries consists of the fact that the 
variational problems for Lagrangians have numerous applications: 
Mathematics, Physics, Theory of Dynamical Systems, Optimal Con- 
trol, Biology, Economy etc. 

But, all of the above mentioned applications have imposed also the 
introduction of the notions of higher order Lagrange spaces . The base 
manifold of this space is the bundle of accelerations of superior or- 
der. The methods used in the construction of the geometry of higher 
order Lagrange spaces are the natural extensions of those used in the 
edification of the Lagrangian geometries exposed in chapters 1, 2 and 
3. 

The concept of higher order Lagrange space was given by author 
in the books [161], [155]. The problems raised by the geometriza- 
tion of Lagrangians systems of order k > 1 were been investigated 
by many scholars: Ch. Ehresmann [82], P. Libermann [143], J. Pom- 
maret [?], J. T. Synge [243], M. Crampin [64], P. Saunders [230], G.S. 
Asanov [27], D. Krupka [132], M. de Leon [141], H. Rund [218], A. 
Kawaguchi [119], K. Yano [256], K. Kondo [128], D. Grigore [92], 
R. Miron[155],[156]etal. 

In this chapter we shall present, briefly, the following problems: 

1 ° The geometry of total space of the bundle of higher order accelera- 
tions. 

2° The definition of higher order Lagrange space, based on the nonde- 
generate Lagrangians of order k > 1 . 

3° The solving of the old problem of prolongation of the Riemannian 
structures, given on the base manifold M, to the Riemannian struc- 
tures on the total space of the bundle of accelerations of order k > 1 , 
we prove for the first time the existence of Lagrange spaces of order 
k> 1. 

4° The elaboration of the geometrical ground for variational calculus 
involving Lagrangians which depend on higher order accelerations. 

5° The introduction of the notion of higher order energies and proof of 
the law of conservation. 
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6° The notion of k— semispray. Nonlinear connection the canonical 

metrical connection and the structure equations. 
7° The Riemannian (k— l)n— almost contact model of a Lagrange 

space of order k. 

Evidently, we can not sufficiently develop these subjects. For much 
more informations one can see the books [161], [162]. 

Throughout in this chapter the differentiability of manifolds and of 
mappings means the class C°°. 



1.1 The bundle of acceleration of order k > 1 

In Analytical Mechanics a real n— dimensional differentiable mani- 
fold M is considered as space of configurations of a physical system. 

A point (x 1 ) EM is called a material point. A mapping c : t E I —>■ 

(x l (t)) E U C M is a law of moving (a law of evolution), t is time, a 

( dx [ 1 d k x'\ 

pair (t,x) is an event and the £-uple — , • • ■ , — — t- gives the ve- 



dt ' ' k\ dt k f 
locity and generalized accelerations of order 2, ..., k— 1. The factors 

— (h = 1, ...,£) are introduced here for the simplicity of calculus. In 

h\ 

this chapter we omit the word "generalized" and say shortly, the ac- 

1 d h x' 
celeration of order h, for — — j- . A law of moving c : t E I — >■ c(t) E U 

will be called a curve parametrized by time t . 

In order to obtain the differentiable bundle of accelerations of or- 
der k, we use the accelerations of order k, by means of geometrical 
concept of contact of order k between two curves in the manifold M. 

Two curves p, a : I — > M in M have at the point xq E M, p(0) = 
<j(0) = xq E U (and U a domain of local chart in M) have a contact of 
order k if we have 

<*°(/°p)(0 , d a (foa)(t) i 

dt« |t=0 = ~^5 Im),(« = 1,-,*)- (1.1.D 

It follows that: the curves p and a have at the point xo = p (0) = 
c(0) a contact of order k if and only if the accelerations of order 
1,2, ...,k on the curve p at xo have the same values with the corre- 
sponding accelerations on the curve a at point xo- 

The relation "to have a contact of order k" is an equivalence. Let 

[p] Xo be a class of equivalence and T k x M the set of equivalence classes. 
Consider the set 
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T k M= (J T k XQ M (1.1.2) 

x eM 

and the mapping: 

n k :[p] X0 ET k M^x eM, V[p]* . (1.1.2') 

Thus the triple (T k M, K k ,M) can be endowed with a natural differ- 

entiable structure exactly as in the cases k — \, when (T l M, tt 1 ,M) is 
the tangent bundle. 

If U C M is a coordinate neighborhood on the manifold M, xq G U 
and the curve p : / — ► U, p = xq is analytical represented on [/ by the 

equations x l = x'(t),t E I, then T k M can be represented by: 

^=A0),^=f(0),..,,f=^(0). (1.1.3) 

Setting 

it follows that the pair (tt^) -1 (£/), 0) is a local chart on T k M induced 
by the local chart (U, <p) on the manifold M. 

So a differentiable atlas of the manifold M determine a differen- 
tiable atlas on T k M and the triple (T k M,n k ,M) is a differentiable 

bundle. Of course the mapping % k : T k M — > M is a submersion. 

[T k M,K k ,M) is called the fc accelerations bundle or tangent bun- 
dle of order k or k— osculator bundle. A change of local coordinates 

(^,y (1)< ,...,y w -> (?,j (1) ',...,^ ) ') on the manifold T^M, accord- 
ing with (1.1.3), is given by: 
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( 



x 1 = x i (x , ...,x"), rank 



J dxJ 



© 



And remark that we have the following identities: 



(1.1.5) 



dxJ dyO)J dy( k - a )J' (1.1.5') 

(a = 0,...,fc-l;y(°)=x). 

We denote a point u E T k M by u = (x,y( l \ ...,y( k >) and its coordi- 
nates by (x\y^ 1 , ...,y^'). 

A section of the projection % k is a mapping S : M — > T k M with the 
property n k o S — 1m- And a local section S has the property % k o SW = 

If c : / — Y M is a smooth curve, locally represented by x l = x l (t), 
t El, then the mapping c : / — > T k M given by: 

x-=V(0,^" = i^W,...,^' = ^W,. e / 0.1.6) 

is ?/ze extension of order k to T^M of c. We have n k oc = c. 
The following property holds: 

If the differentiable manifold M is paracompact, then T k M is a para- 
compact manifold. 

We shall use the manifold TM = T k M\ {0}, where is the null 

section of % . 
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1.2 The Liouville vector fields 

The natural basis at point u G T k M of T u (T k M) is given by 



dx i 'dyW i ''"'dyWj u 

A local coordinate changing (1.1.5) transform the natural basis by the 
following rule: 

d dxJ d dyt^J d dyt^J d 

+ \ ,- — 7TVT + ■■■ + ■ 



dx l dx l dxJ dx< d$ l )J dx' dyi k ^ 



dyW dyW dyt^J '" dyW' dyt k ^ 

d d$w d 

dyW~ ~dyW~dyWj' 

calculated at the point u e T M. 

The natural cobasis (dx l ,dy^'\ ...,dy( k > l ) u is transformed by (1.1.5) 
as follows: 

dx 1 
dxJ 

dxJ dyO)l dy^J 

The formulae (1.2.1) and (1.2.1') allow to determine some impor- 
tant geometric object fields on the total space of accelerations bundle 

T k M. 

The vertical distribution V\ is local generated by the vector fields 

d d I 

— -7TTT, ..., (1A . >, i — l,...,n. V\ is integrable and of dimension 
oy{ > l dy{ > l J 

kn. The distribution Vi local generated by < ..., . .. > is also 
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integrable, of dimension [k — \)n and it is a subdistribution of V\ . And 
so on. 

The distribution Vk local generated by < , ,. > is integrable and 

of dimension n. It is a subdistribution of the distribution Vk-\- So we 
have the following sequence: 

Vi D V 2 D ... D V k 

Using again (1.2.1) we deduce: 

Theorem 1.2.1. The following operators in the algebra of functions 

&(T k M) : 

rW 1 " d 



dyW 



dy (k-i)i^^ dy (k)V (1.2.2) 



r=y^-^-+2y^-^- + ...+ky^- ' 



ByW dyW' '" dyW 

are the vector fields on T k M. They are independent on the manifold 

1 2 k 

T k M andTC V k , rc V k -i,...,rc V\. 

1 2 k 

The vector fields F, F, ■■■, F are called the Liouville vector fields. 
Also we have: 

Theorem 1.2.2. For any function L £ ^{T k M), the following entries 
are 1 -form fields on the manifold T k M: 

dL • 
d ° L =dyWi dx > 



Evidently, d k L = dF 



1.2 The Liouville vector fields 111 

In applications we shall use also the following nonlinear operator 

r is not a vector field on T k M. 

Definition 1.2.1. A fc-tangent structure J on T k M is the ,^{T k M)- 
linear mapping J : &(T k M) -» 3T(T k M), defined by: 

3 ■ - , 



(2)i ' 



(9x7 dyW ydyW'J dy( 

J [dyWlTt ) = ^' 7 ( v ^W7j =0 - 

It is not difficult to see that 7 has the properties: 

Proposition 1.2.1. We have: 

1°. J is globally defined on T k M, 
2°. J is an integrable structure, 
3°. J is locally expressed by 



(1.2.5) 



J 


d 

dyW 


-®dx l -\- 


<9y( 2 )' 


d 

dyW' 


® dy( k 


4°. 


ImJ = 


KerJ, 


KerJ = V k , 






5 U . 


rankJ 


— kn, 










k i 


c-1 


2 1 1 






(r. 


Jr= 


r ,...,Jr=r,Jr=o, 






7°. 


Jojo 


...oJ = \ 


3, (k + 1 factors). 






In the next section 


we shall use the functions 






l\L) 


r 


...,I k (L) = J? k L, 
r 


VLeJ? 


(T k M), 



(1.2.6) 



(1.2.7) 



where 3f a is the operator of Lie derivation with respect to the Liou- 

a 
ville vector field f\ 

The functions I [ (L), ..., I k {L) are called the main invariants of the 

function L. They play an important role in the variational calculus. 
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1.3 Variational Problem 

Definition 1.3.1. A differentiable Lagrangian of order k is a mapping 
L: (x,y( l \...,yW) eT k M ->L(x,y( l \yW) e i?,^differentiable on T fc M 

and continuous on the null section : M — > T k M of the projection 

n k : T k M -> M. 

Ifc:t<E [0, 1] -» (x'(t)) G U C M is a curve, with extremities c(0) = 

(*''(())) and c(l) = (x'(l)) and c : [0,1] ->• r*Af from (1.1.6) is its 
extension. Then the integral of action of L o c is defined by 



1(c) 



/' l (^'iw-4$w)*- (L3 ' 1) 



Remark 1.3.1. One proves that if /(c) does not depend on the parametriza- 
tion of curve c then the following Zermelo conditions holds: 

l\L) = ...=I k -\L)=0, I k (L)=L. (1.3.2) 

Generally, these conditions are not verified. 

The variational problem involving the functional 1(c) from (1.3.1) 
will be studied as a natural extension of the theory expounded in §2.2, 
Ch. 2. 

On the open set U we consider the curves 

c £ :te [0, 1] -»■ (x\t) + £V i (t)) E M, (1.3.3) 

where e is a real number, sufficiently small in absolute value such 
that Imc e C U, V'(t) = V l (x(t)) being a regular vector field on U, 
restricted to c. We assume all curves c e have the same end points c(0) 
and c(l) and their osculator spaces of order 1 , 2, . .. , k — 1 coincident at 
the points c(0), c(l). This means: 

jayi jay/ 

V«(0) = v«(l) = 0; --— (0) = -V- (1)=0, 

</f a rff a (1.3.3') 

(a= l,...,fc- 1). 
The integral of action I(c e ) of the Lagrangian L is: 

/( Ce )=/ o L x + £ V,- + £ -,..„- U F + £ - SF W,. d.3.4) 
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A necessary condition for 1(c) to be an extremal value for I(c £ ) is 

dl(c £ ] 



de 
Thus, we have 



| e =o = 0. (1.3.5) 



dl(ce) f l d ( dx dV 1 fd k x d k V\\ , 

—J^ l = —L[X+SV, — + £— ,...,- — r + E-rj- ))dt. 

de Jo de \ dt dt k\ \dt k dt k J J 

The Taylor expansion of L for e = 0, gives: 

dI(c E ). f l ( dL ,ri dL dV 1 1 dL d V\ J , 10 ^ 

Now, with notations 

o dL J dL . . k l d k dL 

E ' {L): =^-Jtd^ + --- + { - 1) ^dT k d^ (L3 - 7) 

and 



rk_ v i dL dyi dL _J d k ~ l V v dL 



(1.3.8) 



we obtain an important identity: 

dL t dL dV 1 1 dL d k V l _° 

+ l{^w-^ / v- I W + ... + (-D-^4w 

Now, applying (1.3.7) and taking into account (1.3.3') with 

/?(L)(c(0))=/?(L)c(l) = 0, (a = 1,2,...,*) 
we obtain 



(1.3.9) 
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^-\e=0= f'lWdt. (1.3.10) 

de Jo 

But V'(t) is an arbitrary vector field. Therefore the equalities (1.3.5) 
and (1.3.10) lead to the following result: 

Theorem 1.3.1. In order that the integral of action 1(c) be an extremal 
value for the functionals I(c E ), (1.3.4) is necessary that the following 
Euler - Lagrange equations hold: 

o dL d dL k 1 d k dL 

El{L): ~d^'JtdyW'' + - +( } V.d7dyW ~ ' 

y y (1.3.11) 

y dt 1 ,y k\ dt k ' 



One proves [161] that Ei (L) is a covector field. Consequence the 
o 
equation Ei (L) = has a geometrical meaning. 

Consider the scalar field 

(1.3.12) 
It is called the energy of order k of the Lagrangian L. 
The next result is known, [161]: 

Theorem 1.3.2. For any Lagrangian L(x,y^\ ■ ■ ■ ,yO) the energy of 
order k, S (L) is conserved along every solution curve of the Euler - 

Lagrange equations Ei (L) = 0, y' 1 )' = — , • • ■ ,y^' = r-. 

dt k\ dt K 

Remark 1.3.2. Introducing the notion of energy of order 1 , 2, • • • , k — 1 
we can prove a Nother theorem for the Lagrangians of order k. 

Now we remark that for any C°°— function 0(f) and any differen- 
tiable Lagrangian L(x,y( l \- ■ ■ ,yW) the following equality holds: 






Ei{4>L) = <l>E i (L) + ^E i {L) + - . + —£ £,(!,), (1.3.13) 



1 k 

where Ei (L),--- ,E{ (L) are <i-covector fields - called Graig - Synge 

jfe-l 
co vectors, [63]. We consider the covector E{ (L): 
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H (1 , ,, 1 f dL d dL \ 

E i (L) = -if-'-— — r-r- - -—^ , (1.3.14) 



(k-l)\ \dy( k -^ dtdyW 

It is important in the theory of k— semisprays from the Lagrange 
spaces of order k. 

The Hamilton - Jacobi equations, of a space L" = (M,L(x,y)) in- 
troduced in the section 4 of Chapter 2 can be extended in the higher 
order Lagrange spaces by using the Jacobi - Ostrogradski momenta. 

Indeed, the energy of order k, $ k (L) from (1.3.13) is a polynomial 

dx l d x l 

function in — — , ■ ■ ■ , — r given by 
dt dt k 

i , , dx l d 2 x l d k x' 

£( L )=PW^+P(2)i^2+--- + P( k )i^ F -L, (1-3.15) 

where 

dL 1 d dL fc-1 1 d k - 1 dL 

P W~dyWi V.dl^yWi + - +{ > kldt^dyW 

1 dL 1 d dL k _ 2 1 d k - 2 dL (l3l6) 

P W~ 21 dyW 3! dt dy( 3 ) i+ '" +{ ' k\ dt k ~ 2 dyW 

P W~kldyW 

P(\)i, •••, P(k)i are called the Jacobi-Ostrogradski momenta. 

The following important result has been established by M. de Leon 
and others, [161]: 

Theorem 1.3.3. Along the integral curves of Euler Lagrange equa- 

o 
tions Ei (L) = the following Hamilton - Jacobi - Ostrogradski equa- 
tions holds: 
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dS\L) d a x j . . n 
a =-^T» a=l,...,£, 

df k {L)__ dp Wi 
dx' dt 

1 d<f*(L) ^(a+i)« 



a! dyW 1 dt 



a=h...,k-V 



Remark 1.3.3. The Jacobi - Ostrogradski momenta allow the introduc- 
tion of the 1 -forms: 

P(l) = P(i)i dx ' +P(2)idy W ' + ■ ■ -+P(k)idy {k ~ l)l , 

P(2) = P(2)idx'+p {3)i dy^ 1 + ■ ■ ■+P{ k )idy {k ' 1) \ 

P(k) =P(k)idx'. 

1.4 Semisprays. Nonlinear connections 

A vector field S e x(T k M) with the property 

JS=r (1.4.1) 

is called a k— semi spray on T k M. S can be uniquely written in the 
form: 

s=/ )^ + ... + ^)«_^__ ( , +1)G « ( ^a»,...,, W) _i_, 

(1.4.2) 
or shortly 

S = r-(k + l)G i ^- i . (1.4.2') 

The set of functions G l is the set of coefficients of S. With respect 
to (1.1.5) Ch. 4 G ; are transformed as following: 

~ Fix* 

(k+ 1)G'' = (Jt+n^T^-r^'. (1.4.3) 
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A curve c : I — > M is called a k-path on M with respect to S if its 
extension c is an integral curve of S. A fc-path is characterized by the 
(k+1)— differential equations: 

^ Fr + (t + l)O'^-,..., iEf5r J=0. (1.4.4) 

We shall show that a &— semispray determine the main geometrical 

object fields on T k M as: the nonlinear connections N, the Af— linear 
connections D and them structure equations. Evidently, N and D are 

basic for the geometry of manifold T k M. 

Definition 1.4.1. A subbundle HT k M of the tangent bundle (TT k M, 
dn k , T k M) which is supplementary to the vertical subbundle V\ T k M: 

TT k M = HT k M®V x T k M (1.4.5) 

is called a nonlinear connection. 

The fibres of HT k M determine a horizontal distribution 

N:ue T k M -* N u = H u T k M C T u T k M, Wu e T k M 
supplementary to the vertical distribution V\, i.e. 

T u T k M = N u @Vi lU , Mu e T k M. (1.4.5') 

If the base manifold M is paracompact on T k M there exist the non- 
linear connections. 

The local dimension of N is n = dimM. 

Consider a nonlinear connection N and denote by h and v the hori- 
zontal and vertical projectors with respect to N and V\ : 

9 9 

h + v — I, hv — vh — 0, h =h, v = v. 
As usual we denote 

X H = hX, X v = vX, \/Xe%{T k M). 

An horizontal lift, with respect to N is a ^(M) -linear mapping //, : 
SC{M) -> 3£{T k M) which has the properties 

vo/ /! = 0, dn k ol h = I d . 
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There exists an unique local basis adapted to the horizontal distri- 
bution N. It is given by 

^=fc(|f),(l=l,..,»). d.4.6) 

The linearly independent vector fields of this basis can be uniquely 
written in the form: 

— = N J -N (14 7) 

8x* dtf ^dyWJ ••" ^dy(k)J- KlA -' } 

The systems of differential functions on T k M : (Nj ,...,Nj), gives 

(1) (*) 

the coefficients of the nonlinear connection N. 
By means of (1.4.6) it follows: 

Proposition 1.4.1. With respect of a change of local coordinates on 
the manifold T k M we have 



8 _ d$ 8 
8x' dx l 8xJ 



(1.4.7') 



and 



~ <95P" <9? <9vW' 



(" dxJ I dx m dxJ 



(l) 



(1.4.8) 



^ „ m d? , Arm dy^ k -^ df® 1 



N l =N m \-...+N' 

$dxJ ^dx™ ( > dx>« dxJ 



Remark 1.4.1. The equalities (1.4.8) characterize a nonlinear connec- 
tion N with the coefficients N- , • • • ,N- . 

(i) (*) 

These considerations lead to an important result, given by: 

Theorem 1.4.1 (I. Bucataru [47]). If S if a k—semispray on T k M, 
with the coefficients G l , then the following system of functions: 
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N? = ^-Nl = ^-...Ni = ^- (4 9) 

(ij W k)i ® d y (k - l)r « & 1)J 

gives the coefficients of a nonlinear connection N. 

The k— tangent structure J, defined in (1.2.5), Ch. 4. applies the 
horizontal distribution Nq = N into a vertical distribution N\ C V\ of 
dimension n, supplementary to the distribution V2. Then it applies the 
distribution N\ in distribution N2 C V2, supplementary to the distri- 
bution V3 and so on. Of course we have dim/Vo = dimiVi = • • • = 
dimA^-i = n. 

Therefore we can write: 

Ni=J(N ), N 2 = J(N 1 ),-~,N k -i=J(Nk-2) (1-4.9) 

and we obtain the direct decomposition: 

T u T k M = Nq jU ®N Uu © • • • ©iV fc _ ljM ©y M , \fu E T k M. (1.4.10) 
An adapted basis to Nq, N\, ..., A^-i, Vk is given by: 

8 

where -=— r is in (1.4.7) and 
ox 1 



8 

SyW 1 


d j d 

~ dyW %dy( 2 )' 


1 d 

N J 


8 


- * N> I. 





(1.4.12) 



5y (k-l)i dy {k-\)i { ^dy(k)j- 

With respect to (1.1.5), Ch. 4 we have: 
8 dx j 8 



] —, (a = 0A,...,k-,y^ l = x',-^- = -^-) 



$?(«)'' dx l 8yi c 

(1.4.13) 
Let h,vi,...,vt be the projectors determined by (1.4.10): 
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k 

h + Y, v a = I,h 2 = h, v a v a = v«, hv a = 0; 
l 

v a h = 0,v a vp = vpv a =0,(a^ /3). 
If we denote 

X H = hX,X Va =v a X, VXe %~(T k M) (1.4.14) 

we have, uniquely, 

X=X H +X Vi +...+X Vk . (1.4.15) 

In the adapted basis (1.4.12) we have: 

X H =X (0):S Va=x(a)l d 

8x l 5y(«> v ! 

A first result on the nonlinear connection N is as follows: 

Theorem 1.4.2. The nonlinear connection N is integrable if, and only 
if: 

[X H 1 Y H ] Va =0, VX,Yex(T k M), (a =1, ••-£). 

1.5 The dual coefficients of a nonlinear connection 

Consider a nonlinear connection N, with the coefficients (M, ...,M). 

(i) (*) 
The dual basis, of the adapted basis (1 .4. 12) is of the form 

C&UyW...,^) (1-5.1) 

where 

8x l = dx\ 

8y^ i = dy^ i +M i j dxJ, 

(i) (1.5.2) 



§ y (k)i = c iy(kV + M i. dy (k-i)j + ^_ + M i, dy^J+M^dxJ, 
(l) (fc-i) (*) 
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and where 



( M) = N), M) = N^+NfMl, ...., 

(1) (1) (2) (2) (1) (1) 

M) = N) + Nf M l m + .... + N™ M l m . 
{ (k) (k) (k-l) (i) (l) (*-i) 



(1.5.3) 



The system of functions (ML ...,M ! ) is called the system of dual 

(i) (*) 
coefficients of the nonlinear connection N. If the dual coefficients of Af 
are given, then we uniquely obtain from (1 .5.3) the primal coefficients 
(iV],..,JV],)ofAr. 

(i) (*) 
With respect to (4.1.4), Ch. 4 the dual coefficients of N are trans- 
formed by the rule 

M m = M h — — 

J dx™ $ dxJ + dxJ ' 

M m — =M l —+M l ™ + ■ ■ • +M l ™ + y 

(Jfc) ( k ) ( k ~ l ) (!) 

(1.5.4) 

These transformations of the dual coefficients characterize the non- 
linear connection N. This property allows to prove an important result: 

Theorem 1.5.1 (R. Miron). For any k—semispray S with the coeffi- 
cients G' the following system of functions 

r)C' 1 



(i) d y {k)j (2) 2 (i) (i) (i) 

M) = -(SM) + M i m M'J l ) 
(k) k (k-l) (i)(*-i) 



(1.5.5) 



gives ?/ze system of dual coefficients of a nonlinear connection, which 
depend on the k—semispray S, only. 

Remark 1.5.1. Gh. Atanasiu [168] has a real contribution in demon- 
stration of this theorem for k = 2. 

As an application we can prove: 



122 1 The Geometry of the manifold T k M 

Theorem 1.5.2. 1) In the adapted basis (4.4.12) Ch. 4, the Liouville 

l k 
vector fields F, ..., F can be expressed in the form 






(1.5.6) 






z (i)i = y (i)^ 2 Z ( 2 ) ! ' = 2y( 2 )< +M*y( 1 



m 

ra^ > • • • > 

(1) 



(1.5.7) 



fcrW = fcy(*)< + (it - l)Af^(*- 1 ) M + • • • + M l m y^ m 

(1) (*-l) 

2) With respect to (1.1.4) we have: 

f a)i = ^jz {a)j , (a = l,...,*). (1.5.7') 

This is reason in which we call z^', ...,z^' ?^e distinguished Liou- 
ville vector fields (shortly, d-vector fields). These vectors are impor- 
tant in the geometry of the manifold T k M. 

A field of 1 -forms ft) G ££*{T k M) can be uniquely written as 

(0 = C0 H + (0 Vl +-+ (0 Vk 

where 

ft) = ft)o/z,ftT a = ft)ov«, (a = l,...,A;). 

For any function / E ^(T k M), the 1-form df is 

df={dff+{df) Vl + - + {df) V K 
In the adapted cobasis we have: 



*-^dJMf) v ° = j$-*> {a)l 



Let 7 : / — >■ 7^M be a parametrized curve, locally expressed by 
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x '= x \t), y(«)'=y(«)'(0, (tel), (0=1,...,*). 

dy 
The tangent vector field — is given by: 



dt \dt ) \dt ) \dt ) 



v k 



dx l 8 8yW 8 8yW 8 

= — 1TT+ , „ 77S1 + --- + - 



dt 8x l dt 5y(i)' dt 8yW 

dy ( ' dy\ H 
The curve y is called horizontal if — = — . It is characterized 

dt \dt J 

by the system of differential equations 

5v( 1 )' 5yW 

x '= x -(t),^— = 0,...,^— = 0. (1.5.9) 

a? a? 

A horizontal curve y is called autoparallel curve of the nonlinear 

connection if y = c, where c is the extension of a curve c : I — > M. 

The autoparallel curves of the nonlinear connection N are charac- 
terized by the system of differential equations 

5 (1), g (*)i 

-^ =0 '---'^ =0 ' 

Jf . dt k , (1.5.9') 

(l)i _ d^_ (k)i _ \ d x l 

y dt' ,y k\ dt k ' 



1.6 Prolongation to the manifold T k M of the 

Riemannian structures given on the base manifold 

M 

Applying the previous theory of the notion of nonlinear connection on 

the total space of acceleration bundle T k M we can solve the old prob- 
lem of the prolongation of the Riemann (or pseudo Riemann) structure 
g given on the base manifold M. This problem was formulated by L. 
Bianchi and was studied by several remarkable mathematicians as: E. 
Bompiani, Ch. Ehresmann, A. Morimoto, S. Kobayashi. But the solu- 
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tion of this problem, as well as the solution of the prolongation to T k M 
of the Finsler or Lagrange structures were been recently given by R. 
Miron [172]. We will expound it here with very few demonstrations. 
Let & n = (M, g) be a Riemann space, g being a Riemannian metric 
defined on the base manifold M, having the local coordinate gij(x), 
x e U C M. We extend gy to n~ l (U) C T k M, setting 

(gij°n k )(u)=gij(x), Vuen~ l (U),n k (u) = x. 

gij o n k will be denoted by gy. 

The problems of prolongation of the Riemannian structure g to T k M 
can be formulated as follows: 

The Riemannian structure g on the manifold M being a priori given, 

determine a Riemannian structure G on T M so that G be provided 
only by structure g. 

As usually, we denoted by f - k (x) the Christoffel symbols of g and 

prove, according theorem 1.5.1: 

Theorem 1.6.1. There exists nonlinear connections N on the manifold 

T k M determined only by the given Riemannian structure g(x). One of 
them has the following dual coefficients 



M) = Y jm (x)y 

(i) 



l)m 
) 



M'. — - i VM l 4- M 1 M' n 
J 2 1 J V ; i ' (16 1) 

(2) l (1) (1) (1) ' 



(k) k | (t-i) (i) (*-i) 



where F is the operator (1.2.4), Ch. 4. 

Remark 1.6.1. F can be substituted with any k— semispray S, since 
M', ..., M l . do not depend on the variables y k . 
(i) (*-l) 

One proves, also: A^ is integrable if and only if the Riemann space 
M n ={M,g) is locally flat 
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Let us consider the adapted cobasis (8x\ 8y^\ ..., 8y^ 1 ) (1.5.2) 
to the nonlinear connection N and to the vertical distributions N, ..., 

(i) 
N , Vk. It depend on the dual coefficients (1.6.1). So it depend on 
(*-i) 

the structure g(x) only. 

Now, on T M consider the following lift of g(x): 

G = g lj {x)dx i ®dx} +g I j(x)8yW i ®8y^J+ 

(1.6.2) 
+g i j(x)8yW i ®8yWJ 

Finally, we obtain: 

Theorem 1.6.2. The pair Prol k M n = (T k M, G) is a Riemann space of 
dimension (k+ \)n, whose metric G, (1.6.2) depends on the a priori 
given Riemann structure g(x), only. 

The announced problem is solved. 
Some remarks: 

1° The d— Liouville vector fields z^ 1 ' 1 , ■ ■ ■ ,z^ k '\ from (1.5.7) are con- 
structed only by means of the Riemannian structure g; 
2° The following function 

L(xJ 1 \...JV)=g lJ (x)z^'z^ (1.6.3) 

is a regular Lagrangian which depend only on the Riemann struc- 
ture gij(x). 
3° The previous theory, for pseudo-Riemann structure gij(x), holds. 
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The notion of Af— linear connection on the manifold T k M can be stud- 
ied as a natural extension of that of Af— linear connection on TM, given 
in the section 1.4. 

Let N be a nonlinear connection on T k M having the primal coeffi- 
cients M, • • ■ ,N l j and the dual coefficients Afj, • • • ,Afy. 
(i) (*) (i) (*) 

Definition 1.7.1. A linear connection D on the manifold T k M is called 
distinguished if D preserves by parallelism the horizontal distribution 
N. It is an A^— connection if has the following property, too: 



126 1 The Geometry of the manifold T k M 

DJ = 0. (1.7.1) 

We have: 

Theorem 1.7.1. A linear connection D on T k M is an N -linear con- 
nection if and only if 

' (D x Y H ) Va = 0, (a =1, -..,*), (D X Y V °) H =0; 

(D x Y v -) v P=0(a^l5) ( L7 - 2 ) 

{ D X (JY H ) = JD X Y H ; D x (JV a ) = JD x V a . 

Of course, for any N— linear connection D we have 

Dh = 0, Dv a =0 1 (a=l, •--,£). 

Since 

D X Y = D x hY+ D xVl Y + ---+ D x v k Y, 

setting 

D x ' = D X H,D v x a =D x v a , (a = 1, ••-,£), 

we can write: 

D X Y = D%Y + D V X X Y + ---+D V x k Y. (1.7.3) 

The operators D H \D Va are not the covariant derivations but they 
have similar properties with the covariant derivations. The notion of 
d— tensor fields (d— means "distinguished") can be introduced and 
studied exactly as in the section 1.3. 

In the adapted basis (1.4.12) and in adapted cobasis (1.5.1) we rep- 
resent a d— tensor field of type (r, s) in the form 

T = r ,'!"tir^ ® • • • ® iniA-® dxh ® • • • ® 5y ( * )y '- (1-7-4) 

A transformation of coordinates (1.1.5), Ch. 4, has as effect the 
following rule of transformation: 

™z, i ^j? 1 d5? r dx kx dx k ' h , h „„„,s 

r T l \... l r _ < < m _ < r T n \... n r /I T ^'\ 

^-•^ ~ <9jc /? i ' ' dx hr dxJi ' ' dxJ' h - ks ' 
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r s 8 ) 

So, < 1, -=—?,- ■ • , — tttt > generate the tensor algebra of J— tensor 
\ ' 8x l ' 5;y( fe )' J 
fields. 

The theory of N— linear connection described in the chapter 1 for 
case k = 1 can be extended step by step for the N— linear connection 

on the manifold T k M. 

In the adapted basis (1.4.1 1) an N— linear connection D has the fol- 
lowing form: 



in 



D —S_^ 1 -C ij ——, U 5 - T-r. - C . 



jfclSJ ^8x m ' jfrfjSyW ( ^5y(«)« ! 



The system of functions 



(1.7.5) 



Dr(Jv) = (L7 /J c7 y ,...,c7 J ) (i.v.6) 

(i) w 

represents the coefficients of ZX 

With respect to (1.1.5), LP]- are transformed by the same rule as the 

coefficients of a linear connection defined on the base manifold M. 
Others coefficients C *•, (a = l,..,k) are transformed like J-tensors 

(«) 
of type (1,2). 

If 7 is a rf-tensor field of type (r,s), given by (1.7.4) andX =X H — 
s 

X'—, then, by means of (1.7.5), D%T is: 

£ £ 

D H T =X m T i . 1 -'. r ,— ® - -® -— - ®jyi (g) ■ ■ ■ ® 5 y W^, (1.7.7) 
A ;i--;. ! |'"5j C ;i 5y(*X 

where 

Vrpi\...ir 

rph-.-ir 7l ■■■■/.; | j-t'i jiht2—i r , _ r /? j,i\...i r , , to\ 

ji-j s \m- § x m ^Hm'h-U + '" ^hmjx-h- (L-'-o) 

The operator "i" will be called f/ze h-covariant derivative. 
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{a) 8 , 
Consider the v«-covariant derivatives D v a , for X =X l - , ,. , (a = 

x 8y( a ) 1 

1, ..., k). Then, (1.7.3) and (1.7.5) lead to: 



v (") ■ ■ ( a) 8 8 

,Va T _ Y m T n...ir I _^_®...®_^_ 



D Va T=x m T ii...h | m __®...®__ (8)dx Ji®... ( g )dx ^ (L7 . 9) 



where 

V-A I m - S v (o)m ^^hm L h-h i "" ^ h™ 1 h-h-\V { ~ ' "' J ' 

^ («) (a) 

(«) 
The operators " | ", in number of £ are called v a -covariant deriva- 
tives. 

(a) 

Each of operators "i" and " | " has the usual properties with respect 

to sum of J-tensor or them tensor product. 

Now, in the adapted basis (1.4.11) we can determine the torsion 
T and curvature R of an /V— linear connection D, follows the same 
method as in the case k = 1 . 

We remark the following of d— tensors of torsion: 

T i jk = I< t jk-4j> ^* = Cy*-Ciy = 0, (a=l,..,*) (1-7.10) 

(a) (a) (a) 
and J— tensors of curvature 

Rj jm , P l S l , (a, j3 = l, •••,*) (1.7.11) 

The 1 -forms connection of the N— linear connection D are: 

co' j = L) h d^ + C jh 8y^ h + ■■■ +C jh 8y^ h . (1.7.12) 

(i) (*) 

The following important theorem holds: 

Theorem 1.7.2. The structure equations of an N— linear connection 
D on the manifold T k M are given by: 
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(0) 

d{dx l )-dx m A(a' m = - Q l 

W. (1-7.13) 

d(SyW') - 8yW m A eo' m = - Q\ 

doo'j-oo™ Aw' ' m = -Cl i j , 

(0) (a) 
where f2', fl l are the 2-forms of torsion and where fi l : are the 2-forms 
of curvature: 

CI* j = 1 -R J i pq dxPAdxi+ 

+ t p / P9 dxPA5 y {a)q + t S; pq 8/ a ^A8y^. 

a=l (a) a,j3=l (a/3) 

Now, the Bianchi identities of D can be derived from (1.7.13). 

The nonlinear connection N and the 7Y— linear connection D allow 
to study the geometrical properties of the manifold T k M equipped 
with these two geometrical object fields. 



Chapter 2 

Lagrange Spaces of Higher-order 



The concept of higher - order Lagrange space was introduced and 
studied by the author of the present monograph, [155], [161]. 

A Lagrange space of order k is defined as a pair LS k > n = (M,L) 

where L : T k M — > R is a differentiable regular Lagrangian having the 
fundamental tensor of constant signature. Applying the variational 
problem to the integral of action of L we determine: a canonical 
k— semispray, a canonical nonlinear connection and a canonical met- 
rical connection. All these are basic for the geometry of space LS k ' n . 



2.1 The spaces L^ n = (M,L) 

Definition 2.1.1. A Lagrange space of order k > 1 is a pair LS k > m = 
(M,L) formed by a real n— dimensional manifold M and a differen- 
tiable Lagrangian L : (x,y( l \ ■■ ■ ,y®) 6 T k M ->■ L{x,y^\- • ■ ,yW) G 
R for which the Hessian with the elements: 



1 d 2 L 

UJ ~ 2jyWdyWj 



(2.1.1) 



has the property 

rank(gij) = n on T k M (2.1.2) 

and the J— tensor gij has a constant signature. 

Of course, we can prove that g ;j from (2.1.1) is a J— tensor field, of 
type (0,2), symmetric. It is called the fundamental (or metric) tensor 
of the space U k ' n , while L is called its fundamental function. 
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The geometry of the manifold T k M equipped with L(x,y^\- ■■ ,y^) 

is called the geometry of the space D- k > n . We shall study this geometry 
using the theory from the last chapter. Consequently, starting from the 

f l ( dx 1 d k x\ 

integral of action 1(c) = / L\ x, — , ■ ■ • , -r ) dt we determine 

Jo V dt k- dt J 

o 
the Euler - Lagrange equations Ei (L) = and the Craig - Synge cov- 

1 k 

ectors Et (L),-" >Ei (L). According to (3.1.14) one remarks that we 
have: 

.. jfc-i 
Theorem 2.1.1. The equations g lJ E i (L) = determine a k— semi- 
spray 

s =y {l)i 4i+ 2 y {2)i Ay+---+ k y {k)i ^iy-( k + l ) Gi Av 

dx l dyO)' 5y(*~l)« V ' dyW' 

(2.1.3) 
where the coefficients G l are given by 

i„r_/ b \ 



r being the operator (1.2.4). 

The semispray S depend on the fundamental function L, only. S is 

called canonical. It is globally defined on the manifold T k M. 
Taking into account Theorem 1.5.1, we have: 

Theorem 2.1.2. The systems of functions 



(9C 1 

M'- M'- = - I SM'-+M l M m 

J F)v( k )i J 2 1 J I 1 ] 

(1) dy (2) " V (1) (1) (1) 
1 



7 ' ' ' 1 



(2.1.5) 



M) = -\SM) +M' m Mf 

are the dual coefficients of a nonlinear connection N determined only 
on the fundamental function L of the space E- k > n . 

N is the canonical nonlinear connection of LS k ' n . 



2.2 Examples of spaces iW" 133 

(XX X ^ 

The adapted basis < -=— ?, — ttvV " > — ttt 7 r has its dual {8x l , 8yW', 
{ ox' dyl 1 ;' SyW 1 J 

..., 8y( k >'}. They are constructed by the canonical nonlinear connec- 
tion. So, the horizontal curves are characterized by the system of dif- 
ferential equations Part 2, Ch. 2, and the autoparallel curves of N are 
given by Part II, Ch. 1 . 



The condition that N be integrable is expressed by 
0,(a=l,- .-,*). 



8 8 ' 
8x l ' 8x1 



2.2 Examples of spaces L^ n 

l°Let us consider the Lagrangian: 

L(xJ 1 \...JV)=g lJ (x)z {k)l z {k)j (2.2.1) 

where gij(x) is a Riemannian (or pseudo Riemannian) metric on the 
base manifold M and the z^ k ' 1 is the Liuoville J— vector field: 

&(*)< = ky^ 1 + (k- l)Miy ( *~ 1),B + • • • + k M' m y^ m (2.2.2) 

(i) (*-i) 

constructed by means of the dual coefficients (Part II, Ch. 1) of the 
canonical nonlinear connection N from the problem of prolongation 

to T k M of gij(x). So that the Lagrangian (2.2.1) depend on gij(x) 

only. 

The pair LS k > n = (M,L), (2.2.1) is a Lagrange space of order k. Its 

fundamental tensor is gij(x), since the J— vector z^ k ' 1 is linearly in 

the variables yW. 

2°LetL (x,y^') be the Lagrangian from electrodynamics 



L {xj l) ) = mcrij(x)y mi y mj + —bi{x)y {l)i (2.2.3) 



2e 
m 



Let N be the nonlinear connection given by the theorem Part II, Ch. 
1 , from the problem of prolongations to T k M of the Riemannian (or 
pseudo Riemannian) structure Yij( x ) an d the Liouville tensor z" 1 
constructed by means of N. Then the pair LW n = (M, L) , with 
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L(x,y( l \ ...J k) ) = mcYutozWzW + —bi(x)z {k)i (2.2.4) 

' m 

is a Lagrange space of order k. It is the prolongation to the manifold 

T M of the Lagrangian L (2.2.3) of electrodynamics. 

These examples prove the existence of the Lagrange spaces of order 

k. 



2.3 Canonical metrical A/— connection 

Consider the canonical nonlinear connection N of a Lagrange space 
of order k,lS k >=(M,L). 

AnN— linear connection D with the coefficients Dr(N) = (L l - k ,C l - ]v 

• • • , C l - h ) is called metrical with respect to metric tensor gjj if 
(*) 

(a) 
8ij\h = 0, gij I A =0, (a = 1, ■-.,*). (2.3.1) 

Now we can prove the following theorem: 

Theorem 2.3.1. The following properties hold: 

1) There exists a unique N-linear connection D on T k M verifying 
the axioms: 

1° iV— is the canonical nonlinear connection of space U-> n . 
2° 8ij\h = 0, (D is h— metrical) 

(«) 
3° gij | h — 0, (a = 1, • • • ,k), (D is v a — metrical) 

4° T' jh = 0, (D is h-torsionfree) 
5° S l - h = 0, (a = 1, • • • ,k), (D is v a — torsion free). 
(a) 

2) The coefficients Cr(N) = (L i j,C i i : ...,C i j) of D are given by 

(i) (*) 
the generalized Christoffel symbols: 
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L h = }_ h S f^§ii + 5 Ssj S gij 



lJ 2° \8xJ 8x l 8x s 



'./ 



8y( a )J 8y( a V Sy( a ) 



(2.3.2) 



3) D depends only on the fundamental function L of the space I"", 

The connection D from the previous theorem is called canoni- 
cal metrical N-connection and its coefficients (2.3.2) are denoted by 

cr(N). 

Now, the geometry of the Lagrange spaces L"" can be developed 
by means of these two canonical connection N and D. 



2.4 The Riemannian (k— \)n— contact model of the 
space lSv n 

The almost Kahlerian model of the Lagrange spaces L" expound in 
the section 7, Ch. 2, can be extended in a corresponding model of 
the higher order Lagrange spaces. But now, it is a Riemannian almost 

(k— \)n— contact structure on the manifold T k M. 

The canonical nonlinear connection TV of the space LS k > n = (M, L) 

determines the following ^{T k M) — linear mapping F : ^(T k M) — > 

5£{T k M) defined on the adapted basis to N and to N a , by 



V&C<7 dyW 




F ( itt^t) =0, (a = l,-- 


-,*-l) 


F \dy( k ) i )~ 8x r (J_1, 


•• ,n) 


We can prove: 




Theorem 2.4.1. We have: 




1° ¥ is globally defined on T k M. 





(2.4.1) 
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2° F is a tensor field of type (1, 1) on T k M 

3° KerF = Ni ®N 2 © ■ • • © Afc-i, ZwF = Afc © V* 

4° nwi*||F|| = In 

5°F 3 + F = 0. 

TTzms F is an almost (k— \)n— contact structure on T k M determined 
byN. 

Let I £,£,..., <^ fl , (a = 1, ...,«) be a local basis adapted to the 

\la la (Jfc-l)c/ 

/la 2a (*-l)«\ 

direct decomposition iVi ffi • • • ffi A^_ 1 and I 7] , 71 , . . . , r\ J , its dual. 
Thus the set 

k, (fc-l)a\ 

F,£,.., £ ,77,..., 7] , (fl=l,.--,n-l) (2.4.2) 

la (jfc-l)fl / 

is a (fc — l)n almost contact structure. 
Indeed, (2.4.1) imply: 

F(£)-Q C r, a (£)-l da b for a = / 3 



n k-\ 

F 2 (X) = -X + £ £ 7] (X) I , VX G %~(T k M), if oF = 0. 
a=la=l aa 

Let A% be the Nijenhuis tensor of the structure F. 

N ¥ (XJ) = [FX,Fy]+F 2 [X,y]-F[FX,y]-F[X,Fy]. 
The structure (2.4.2) is said to be normal if: 

n fc-l 
N ¥ (X,Y) + Y, H dl! ] ( X > Y ) = °, VXJ e%~(T k M). 

a=l a=\ 

So we obtain a characterization of the normal structure F given by the 
following theorem: 
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Theorem 2.4.2. The almost (k — l)n— contact structure (2.4.2) is nor- 
mal if and only if for any X,Y <G 3£{T k M) we have: 

N w (X,Y) + f,£d(8yW a )(X,Y) = 0. 

a=\ a=l 

The lift of fundamental tensor gu of the space LS k > n with respect to 
N is defined by: 

G = gl] dx l ®dx J +gij8y^ 1 ® 8y^ j + ■■■ +g ij 8y^ i <g> 8y^ J . (2.4.3) 

Evidently, G is a pseudo-Riemannian structure on the manifold 

T k M, determined only by space LS k ' n . 
Now, it is not difficult to prove: 

Theorem 2.4.3. The pair (G,F) is a Riemannian (k — \)n- almost con- 
tact structure on T k M. 

In this case, the next condition holds: 

G(FX,F) = -G(FY,X), VX,y e SC{T*M). 

Therefore the triple (T k M, G, F) is an metrical (k— l)n-almost contact 
space named the geometrical model of the Lagrange space of order k, 

jjk)n _ 

Using this space we can study the electromagnetic and gravitational 
fields in the spaces lS® n , [161]. 



2.5 The generalized Lagrange spaces of order k 

The notion of generalized Lagrange space of higher order is a natural 
extension of that studied in chapter 2. 

Definition 2.5.1. A generalized Lagrange space of order k is a pair 
Qjjkjn = ^^ g ^ f orme d by a real differentiable n— dimensional man- 
ifold M and a C°°—co variant of type (0,2), symmetric d— tensor field 
gij on T k M, having the properties: 

a. g^ has a constant signature on T k M; 
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b. rank(g/ 7 ) = non T k M. 

gij is called the fundamental tensor of GlS> n . 

Evidently, any Lagrange space of order k, L\ k > n = (M,L) determines 
a space GL^ k > n with fundamental tensor 

1 d 2 L 

^'idyWdyW (2 ' 5A) 

But not and conversely. If gij(x,y^\ ...,yW) is a priori given, it is 
possible that the system of differential partial equations (2.5.1) does 

not admit any solution in L(x,y^',...,y^ k '). A necessary condition that 
the system (2.5.1) admits solutions in the function L is that J-tensor 
field 

C = \^rr (2.5.2) 

(k). jh 2dyW 

be completely symmetric. 

If the system (2.5.1) has solutions, with respect to L we say that 

the space GD- k >' 1 is reducible to a Lagrange space of order k. If this 
property is not true, then GL n is said to be nonreducible to a Lagrange 

space L^". 

Examples 

1° Let M = (M,y,--(jc)) be a Riemannian space and o e ^{T k M). 
Consider the J-tensor field: 

g l j = e 2a {y lJ o 7 z k ). (2.5.3) 

do —r" 

If — jrr— is a nonvanishes d— covector on the manifold T k M, then 

dyW h 

the pair GD- k ' n = (M,gu) is a generalized Lagrange space of order 
k and it is not reducible to a Lagrange space LS k > n . 
2° Let M n = (M, Yij(x)) be a Riemann space and Prol^" be its pro- 
longation of order k to T k M. 

Consider the Liouville J— vector field z^ k ' 1 of Prol^'\ It is ex- 
pressed in the formula (2.2.2). We can introduce the d— covector 

field zf = YijZ (k)j . 

We assume that exists a function n(x,y^\--- ,y( k ') > 1 on T k M. 
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Thus 

is the fundamental tensor of a space GD k >". Evidently this space is 
not reducible to a space LS k >" , if the function n^l. 

These two examples prove the existence of the generalized La- 
grange space of order k. 

In the last example, k = 1 leads to the metric Part I, Ch. 2 of the 
Relativistic Optics, (n being the refractive index). 

In a generalized Lagrange space GLS k > n is difficult to find a nonlin- 
ear connection N derived only by the fundamental tensor gij. There- 
fore, assuming that N is a priori given , we shall study the pair 

(N, GLS k > n ). Thus of theorem of the existence and uniqueness metrical 
TV— linear connection holds: 

Theorem 2.5.1. We have: 

1° There exists an unique N -linear connection Dfor which 

(«) 

8ij\h = Q > Sij I a=0, (a=l,...,fc), 
T l fk = 0,S' jk = 0, (a =1, ...,*). 

(a) 

2° The coefficients of D are given by the generalized Christoffel sym- 
bols Part II, Ch. 2. 
3° D depends on gij and N only. 

Using this theorem it is not difficult to study the geometry of Gen- 
eralized Lagrange spaces. 



Chapter 3 

Higher-Order Finsler spaces 



The notion of Finsler spaces of order k, introduced by the author of 
this monograph and presented in the book The Geometry of Higher- 
Order Finsler Spaces, Hadronic Press, 1998, is a natural extension to 

the manifold T k M of the theory of Finsler spaces given in the Part I, 
Ch. 3. A substantial contribution in the studying of these spaces have 
H. Shimada and S. Sabau [223]. 

The impact of this geometry in Differential Geometry, Variational 
Calculus, Analytical Mechanics and Theoretical Physics is decisive. 
Finsler spaces play a role in applications to Biology, Engineering, 
Physics or Optimal Control. Also, the introduction of the notion of 
Finsler space of order k is demanded by the solution of problem of 

prolongation to T k M of the Riemannian or Finslerian structures de- 
fined on the base manifold M. 



3.1 Notion of Finsler space of order k 

In order to introduce the Finsler space of order k are necessary some 
considerations on the concept of homogeneity of functions on the 

manifold T k M, [161]. 

A function / : T k M — > R of C 00 — class on T k M and continuous on 

the null section of it : T k M — > M is called homogeneous of degree 

r E Z on the fibres of T k M (briefly r— homogeneous) if for any a £ R + 
we have 

f(x,ayW,a^\...,a k / k) )=a r f(x,yW,...,y^). 

An Euler Theorem hold: 
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A function f G J£~(7 M), differentiable on T k M and continuous on 
the null section ofn k is r— homogeneous if and only if 

& k f = rf, (3.1.1) 

r 

k 
££ k being the Lie derivative with respect to the Lioville vector field F- 
r 
A vector field X e 2£{T k M) is r— homogeneous if 

Se k X = {r-\)X (3.1.1') 

r 

Definition 3.1.1. A Finsler space of order k, k > 1, is a pair F"" = 
(M, F) determined by a real differentiable manifold M of dimension 
n and a function F : T k M — >■ i? having the following properties: 

1° F is differentiable on T k M and continuous on the null section on 

% k . 
2° F is positive. 

3° F is ^-homogeneous on the fibres of the bundle T k M. 

4° The Hessian of F 2 with the elements: 

1 d 2 F 2 
glj ~2dyWdyW ( } 

is positively defined on T k M. 

From this definition it follows that the fundamental tensor gij is 
nonsingular and O-homogeneous on the fibres of T k M. 

Also, we remark: Any Finlser space F"" can be considered as a 
Lagrange space LW" = (M,L), whose fundamental function L is F 2 . 

By means of the solution of the problem of prolongation of a Finsler 

structure F(x,y( l >) to T k M we can construct some important examples 

of spaces F"", 

A Finsler space with the property gy depend only on the points 

xGMis called a Riemann space of order k and denoted by &( k >". 

Consequently, we have the following sequence of inclusions, simi- 
lar with that from Ch. 3: 

|^(*)»| c |fW w ] C {lW"1 C {GLW n } . (3.1.3) 
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So, the Lagrange geometry of order k is the geometrical theory of 
the sequence (1.1.3). 

Of course the geometry of F^ n can be studied as the geometry 

of Lagrange space of order k, LW" = (M,F 2 ). Thus the canonical 

nonlinear connection N is the Cartan nonlinear connection of F^ k ' n 
and the metrical N— linear connection D is the Cartan Af— metrical 
connection of the space F^", [161]. 



Chapter 4 

The Geometry of &— cotangent bundle 



4.1 Notion of ^-cotangent bundle, T* k M 

The k— cotangent bundle (T* k M, n* k ,M) is a natural extension of that 
of cotangent bundle (T*M, 7t*,M). It is basic for the Hamilton spaces 
of order k. The manifold T* k M must have some important properties: 

1° T* 1 M = T*M; 

2° dimT* k M =dimT k M =(k+ \)n; 

3° T* k M carries a natural Poisson structure; 

4° T* k M is local diffeomorphic to T k M. 

These properties are satisfied by considering the differentiable bundle 

(T* k M, n* k ,M) as the fibered bundle (T k - l Mx M T*M, n k - l x M n\M). 
So we have 

T* k M = T k - l Mx M T*M, K* k = 7t k - l x M 7t*. (4.1.1) 

A point u E T* k M is of the form u = (x,y( l \...,y( k ~ l \p). It is de- 
termined by the point x = (x l ) G M, the acceleration yW' = — , ..., 

dt 

1 d k ~ l x' 

y(n) 1 = _ — an d the momenta p = (pi). The geometries 

(£-1)! dt k ~ x 

of the manifolds T k M and T* k M are dual via Legendre transforma- 
tion. Then, (x',y( 1 '', ...,y^ k ~ l >\pi) are the local coordinates of a point 
u G T* k M. 

The change of local coordinates on T* k M is: 
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3?=3?(jc 1 ,...,jc"), det 3-r #0 



did 



dxJ 



yd* = ^yWJ, 



(4.1.2) 



(*_ 1)^-1)^^ 



to _ /1 », + ... +(t _ 1) l_^,», 






A- = : -w P; 



where the following equalities hold 



dyM' «9j(«+ 1 ) / 



dy( k 



-Di 



z-£ , \. ; (a = 0,...,fc-2;;y (0) =;t) 



The Jacobian matrix /* of (4.1.2) have the property 

-ik-l 



det J k (u) 



detl^W 



(4.1.3) 



(4.1.4) 



The vector fields <9' = (d 1 , .., d n ) = — — generate a vertical distribu- 

f d 1 
tion Wk while < - ,, ... > determine a vertical distribution Vt-i, ..., 



— -— > determine a vertical distribution V\. We have 

C— 1 1 



the sequence of inclusions: 

We obtain without difficulties: 

Theorem 4.1.1. 1° The following operators in the algebra of functions 
on T* k M are the independent vector field on T* k M: 
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dy( k - 



l)/ 



r = yW i —^- + 2yW- 



dy(k-2)i J dy(k-l)i 



(4.1.5) 



?=/>»* + ... + (k-l) y (^- 



2° The function 



<P = p l y {l)l (4.1.6) 



w a scalar function on T M. 
l fc-l 
r,..., r are calle d the Liouville vector fields. 

Theorem 4.1.2.1° For any differentiate function H : T* k M — > R, 
T*kM = T* k M \ {0}, d H, ...,d k _ 2 H defined by 

dH 

dH . dH , m . 

d i H =d y WW l dx+ dy^ dy (4.1-7) 



dH dH m . dH n 7V 

are fields of 1— forms on T* k M. 
2° WMe 

^ lH= a?^ + - + 5^5^ y( (4 - L8) 

w no? a /ze/d o/ 1 —form. 
3° We /?ave 

dH = d k - l H + d'H Pi . (4.1.9) 

If// = (p = ptfW', then d H = ... = d k - X H = and 
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co = dk-2<P = Pidx 1 (4.1.10) 

CO is called the Liouville 1— form. Its exterior differential is expressed 
by 

0=dco = dpiAdx'. (4.1.11) 

is a 2-form of rank 2n< (k+l)n = dimT* k M, for fc > 1. Conse- 
quence is a presymplectic structure on T* k M. 

Let us consider the tensor field of type ( 1 , 1) on T* k M: 

J=^ [T y®dx l + -?—®dy^ l + ...+ - ,f f- QdyP-ty. (4.1.12) 

Theorem 4.1.3. We have: 

1 ° J is globally defined. 
2° J is integrable. 

3° JoJo...oJ = J k = 0. 

4°laexJ = V k -i@W k . 

5°mnkJ = (k-l)n. 

1 2 1 k-\ k-2 

6° j(r) = o, j(r) = r, ..., /( r ) = r , j(c*) = o. 

1 k-\ 
Theorem 4.1.4. 1° For any vector fieldX E 3£{T* k M), X, ..., X given 

by 

X = J(X),X = J 2 X,..., X = J k ~ l X (4.1.13) 

are vector fields. 

(0)* a (!)* 5 C*" 1 )' d 

2°IfX= X—+X— — + ...+ X —-—+Xid l .Then 
dx l dyW' dy( k - l > 

1 (P)i d (k-2)i J k-1 0* d 

x=J W = X fy(i)l + -+ x -^Wi— X=x ^(k^i- 

(4.1.14) 
On the manifold T* k M there exists a Poisson structure given by 

{f ig \ = iLiL -M.il 

dx l dpi dpi dx l 

(4.1.15) 
r , -, df dg df dg 

V^ = ^J p - i -di 1 ^ {a=h - k - 1) - 
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It is not difficult to study the properties of this structure. 
For details see the book [163]. 



Part III 

Analytical Mechanics of Lagrangian and 

Hamiltonian Mechanical Systems 



This part is devoted to applications of the Lagrangian and Hamilto- 
nian geometries of order k = 1 and k > 1 to Analytical Mechanics. 

Firstly, to classical Mechanics of Riemannian mechanical systems 
Egg — (M, T, Fe) for which the external forces Fe depend on the ma- 

dx' 
terial point x^M and on the velocities — — . So, in general, E<%> are the 

at 
nonconservative systems. Then we are obliged to take Fe as a verti- 
cal field on the phase space TM and apply the Lagrange geometry for 
study the geometrical theory of E@. More general, we introduce the 
notion on Finslerian mechanical system Ep = (M,F,Fe), where M is 
the configuration space, TM is the velocity space, F is the fundamen- 

/ dx 
tal function of a given Finsler space F n = (M,F(x,y)) andFe I x, — 

\ dt 

are the external forces defined as vertical vector field on the velocity 
space TM. The fundamental equations of Ep are the Lagrange equa- 
tions 

d dF 2 dF 2 w . { dx 1 
Fi{x,y), y = — 



i 



dt dy dx 1 dt 

F 2 being the energy of Finsler space F". 

More general, consider a triple El = (M,L,Fe), where M is space 
of configurations, L" = (M, L) is a Lagrange space, and Fe are the ex- 
ternal forces. The fundamental equations ate the Lagrange equations, 
too. 

The dual theory leads to the Cartan and Hamiltonian mechanical 
systems and is based on the Hamilton equations. 

Finally, we remark the extension of such kind of analytical mechan- 
ics, to the higher order. Some applications will be done. 

These considerations are based on the paper [175] and on the papers 
of J. Klein [123], M. Crampin [64], Manuel de Leon [138]. Also, we 
use the papers of R. Miron, M. Anastasiei, I. Bucataru [166], and of 
R. Miron, H. Shimada, S. Sabau and M. Roman [174], [180]. 



Chapter 1 

Riemannian mechanical systems 



1.1 Riemannian mechanical systems 

Let gtj(x) be Riemannian tensor field on the configuration space M. 
So its kinetic energy is 

1 ■ ■ dx' 

T = ^ 8lJ (x)y l y J , f= — =*. (1.1.1) 

Following J. Klein [123], we can give: 

Definition 1.1.1. A Riemannian Mechanical system (shortly RMS) is 
a triple Egg = (M, T, Fe) , where 

1°M is an n— dimensional, real, differentiable manifold (called con- 
figuration space). 

2°T = -gij(x)x'x' is the kinetic energy of an a priori given Rieman- 
nian space 3% n = (M,gjj(x)). 

3°Fe(x 1 y) = F l (x,y)^r-^ is a vertical vector field on the velocity space 
ay 1 

TM {Fe are called external forces). 

Of course, Z^> is a scleronomic mechanical system. The covariant 
components of Fe are: 

F l (x,y)=g ij (x)F l (x,y). (1.1.2) 

Examples: 

1. RMS - for which Fe(x,y) =a(x,y)C,a^0. ThusF' =a(x,y)y l and 
Ear is called a Liouville RMS. 
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2. The RMS E m , where Fe(x,y) = F^x)-^, and F t (x) = gradtf(x), 
called conservative systems. 

3. The RMS E m , where Fe(x,y) = F i {x)f Jl but F t {x) ^ gradjf(x), 
called non-conservative systems. 

Remark 1.1.1. 1. A conservative system Egg is called by J. Klein [123] 

a Lagrangian system. 
2. One should pay attention to not make confusion of this kind of 

mechanical systems with the "Lagrangian mechanical systems" 

El = (M,L(x,y),Fe(x,y)) introduced by R. Miron [175], where 

L : TM — y M. is a regular Lagrangian. 

Starting from Definition 1.1.1, in a very similar manner as in the 
geometrical theory of mechanical systems, one introduces 

Postulate. The evolution equations of a RSM Egg arc the Lagrange 
equations: 

d dL dL „, , , dx l „„, ,. „ „ s 

5F3y-37 = F '^' y =*' L = 2r ' (U - 3) 

This postulate will be geometrically justified by the existence of a 
semispray S on TM whose integral curves are given by the equations 
(1.1.3). Therefore, the integral curves of Lagrange equations will be 
called the evolution curves of the RSM Egg. 

The Lagrangian L = 2T has the fundamental tensor gij(x). 

Remark 1.1.2. In classical Analytical Mechanics, the coordinates (x l ) 

of a material point x G M are denoted by (q l ), and the velocities y' = 

dx l da 1 

—— by q l = ——. However, we prefer to use the notations (x l ) and (V) 
dt dt 

which are often used in the geometry of the tangent manifold TM. 

The external forces Fe(x,y) give rise to the one-form 

o = Fi{x,y)dx l . (1.1.4) 

Since Fe is a vertical vector field it follows that o is semibasic one 
form. Conversely, if o from (1.1.4) is semibasic one form, then Fe = 

F'(x,y)-4-!, with F l = g'-'Fj, is a vertical vector field on the manifold 

TM. J Klein introduced the the external forces by means of a one-form 
a, while R. Miron [175] defined Fe as a vertical vector field on TM. 
The RMS Eag is a regular mechanical system because the Hessian 

d 2 T 
matrix with elements . . = gij(x) is nonsingular. 
oy'oyJ 
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We have the following important result. 

Proposition 1.1.1. The system of evolution equations (1.1.3) are equiv- 
alent to the following second order differential equations: 

d x l j , .dx^dx k Ij.dx. ,„ „ ^ N 

*r + ^W-S-5r = 2^5F>- <U ' 5) 

where J^Ax) are the Christoffel symbols of the metric tensor gtj(x). 

In general, for a RMS Egg, the system of differential equations 
(1.1.5) is not autoadjoint, consequently, it can not be written as the 
Euler-Lagrange equations for a certain Lagrangian. 

1 . . dU(x) 

In the case of conservative RMS, with -Fax) = =— — , here 

2 y ' dx l 

U(x) a potential function, the equations (1.1.2) can be written as 
Euler-Lagrange equations for the Lagrangian T + U. They have T + 
U =constant as a prime integral. 

This is the reason that the nonconservative RMS Egg, with Fe de- 

■ dx l 
pending on y l = — cannot be studied by the methods of classical me- 

dt 
chanics. A good geometrical theory of the RMS Egg should be based 
on the geometry of the velocity space TM. 

From (1.1.4) we can see that in the canonical parametrization t = s 
(s being the arc length in the Riemannian space ffl n ), we obtain the 
following result: 

Proposition 1.1.2. If the external forces are identically zero, then the 
evolution curves of the system E^* are the geodesies of the Riemannian 
space M n . 

In the following we will study how the evolution equations change 
when the space M n — (M,g) is replaced by another Riemannian space 
J 1 "^ (M,g) such that: 

1° £% n and M n have the same parallelism of directions; 

2° & n and if' 1 have same geodesies; 

3° & n is conformal to M n . 
In each of these cases, the Levi-Civita connections of these two Riem- 
manian spaces are transformed by the rule: 

\ fjk{x) = Y ]k {x) + 8)a k {x); 

2° ~Yjk{x) = Yjk(x) + 8)a k {x) + 8[aj{x)', 

3° Yjk(x) = Y jk (x) + 8)a k {x) + 8 k aj{x) -g jk (x)a\x), 
where a k (x) is an arbitrary covector field on M, and a'(x) = g lJ (x)(Xj(x) 
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It follows that the evolution equations (1.1.3) change to the evolu- 
tion equations of the system Zq as follows: 
1° In the first case we obtain 

d 2 x l i . .dx-i dx k dx l 1 ,-, dx. , .dx k 

(1.1.6) 

Therefore, even though Z@ is a conservative system, the mechanical 
system Z^ is nonconservative system having the external forces 

Fe= l-a{x,y)y l + -F\xj)\^- v a = a k (x)—. 

2° In the second case we have 
d 2 x l ; , .dx^dx k „ dx 1 1 ,- / dx\ . .dx k 

-aW +Y ^m=- 2a w + 2 F [i**)- °= «*<*>-* 

(1.1.7) 
and 

Fe= f-2a(x,y)y + -F*(x,y)J j- { , a = a k (x)—. 

3° In the third case Fe is 

f lid d^ 

Fe=l2(-ay' + Ta') + -F'j— p a = a k (x)— 1 

a i (x)=g ij (x)a j (x). 

The previous properties lead to examples with very interesting 
properties. 



1.2 Examples of Riemannian mechanical systems 

Recall that in the case of classical conservative mechanical systems 
we have 2Fe = grad *% , where W(x) is a potential function. There- 
fore, the Lagrange equations are given by 
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We obtain from here a prime integral T + % = h (constant) which 
give us the energy conservation law. 

In the nonconservative case we have numerous examples suggested 

by 1°, 2°, 3° from the previous section, where we take F*(x,y) = 0. 
Other examples of RMS can be obtained as follows 

1. 

2Fe = -P(x,y)yfj- p (1.2.1) 

where /3 = P i (x)y l is determined by the electromagnetic potentials 

P t (x), (i= l,..,w). 

2. 

Fe = (T-P)y i -?-, (1.2.2) 

where /3 = Pj(x)y l and T is the kinetic energy. 
3. In the three-body problem, M. Barbosu [36] applied the following 
conformal transformation: 

ds 2 = (T + W)ds 2 

to the classic Lagrange equations and had obtained a nonconserva- 
tive mechanical system with external force field 



Fe={T + u) y_. 

4. The external forces Fe = F l (x) -r-^ lead to classical nonconservative 

Riemannian mechanical systems. For instance, for Fj = —gradt 9/ + 
Ri(x) where Ri(x) arc the resistance forces, and the configuration 
space M is M?. 

1 . . d 

5. If M = M 3 , T = -mdijy l y J and Fe = 2F'(x) ^-r, then the evolution 

equations are 

d 2 x' 
m W =F>(x), 

which is the Newton 's law. 

6. The harmonic oscillator. 

M — E n , gij = 8ij, 2Fi = —cofx 1 (the summation convention is not 

applied) and ft), are positive numbers, (i = 1, ..,n). 
The functions 
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hi = (Y) 2 + ® 2 x\ and H = £ h 

(=1 



n 



are prime integrals. 

7. Suggested by the example 6°, we consider a system Lgg with Fe — 
—2co(x)C, where co(x) is a positive function and C is the Liouville 
vector field. 

The evolution equations, in the case M = W\ are given by 

d 2 x' . , dx l 

— T + (0(x)— = 0. 

dt 2 dt 

dx' 
Putting y' = ——, we can write 
dt 

dV 

-j- + O){x)y l = 0, (i=l,..,n). 

So, we obtain f = C e -S(o{x{t))dt and therefore x' = C l + 

- J G)(x(t))dt df 

8. We can consider the systems Lgg having 



Fe = 2a' jk (xW^ 



d_ 
dy' 



where a l - k (x) is a symmetric tensor field on M. The external force 
field Fe has homogeneous components of degree 2 with respect to 

y. 

9. Relativistic nonconservative mechanical systems can be obtained 

for a Minkowski metric in the space-time M . 
10. A particular case of example 1 above [223] is the case when the 

external force field coefficients F'(x,y) are linear in y', i.e. 

Fe = 2F\x,y)^- = 2Yl(x)/^-, 

where Y : TM — > TM is a fiber diffeomorphism called Lorentz force, 
namely for any x E M, we have 



Y x : T X M -> T X M, Y x (-^-\ = Y/(x) 



( d \ „i, ,_d_ 
~dx)' 
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Let us remark that in this case, formally, we can write the Lagrange 
equations of this RMS in the form 

v y r=y(r), 

where V is the Levi-Civita connection of the Riemannian space 

(M, g) and y is the tangent vector along the evolution curves y : 

[a,b] -)-Af. 

This type of RMS is important because of the global behavior of its 

evolution curves. 

Let us denote by S the evolutionary semispray, i.e. S is a vector 

field on TM which is tangent to the canonical lift y — (y, y) of the 

evolution curves (see the following section for a detailed discussion 

on the evolution semispray). 

We will denote by T a the energy levels of the Riemannian metric g, 

i.e. 

T a = Ux,y)eTM:T(x,y) = ^ 

where T is the kinetic energy of g, and a is a positive constant. One 
can easily see that T a is the hypersurface in TM of constant Rie- 
mannian length vectors, namely for any X = (x,y) G T a , we must 
have \X\ g = a, where \X\ g is the Riemannian length of the vector 
field X on M. 

If we restrict ourselves for a moment to the two dimensional case, 
then it is known that for sufficiently small values of c the restriction 
of the flow of the semispray S to T contains no less than two closed 
curves when M is the 2-dimensional sphere, and at least three oth- 
erwise. These curves projected to the base manifold M will give 
closed evolution curves for the given Riemannian mechanical sys- 
tem. 



1.3 The evolution semispray of the mechanical system 

Let us assume that Fe is global defined on M, and consider the me- 
chanical system Egg = (M, T,Fe). We have 

Theorem 1.3.1 ([175]). The following properties hold good: 
1° The quantity S defined by 
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S = y^-(2G'-V)4^ 

** 2 ^ (1.3.1) 

2G'=Y jk y J y k , 

is a vector field on the velocity space TM. 

2° S is a semispray, which depends on Egg only. 

3° The integral curves of the semispray S are the evolution curves 
of the system Egg. 

Proof. 1 ° Writing S in the form 



S=°S+-Fe, (1.3.2) 



where S is the canonical semispray with the coefficients G\ we can 
see immediately that S is a vector field on TM. 

o 

2° Since S is a semispray and Fe a vertical vector field, it follows S 
is a semispray. From (1.3.1) we can see that S depends on Egg, only. 
3° The integral curves of S are given by 

«/; ^+2G i (x,y) = ±F i (x, y ). (1.3.3) 

Replacing y l in the second equation we obtain (1.1.2) 

S will be called the evolution or canonical semispray of the non- 
conservative Riemannian mechanical system Egg. In the terminology 
of J. Klein [123], S is the dynamical system of Egg. 

Based on S we can develop the geometry of the mechanical system 
Egg on TM. 

Let us remark that S can also be written as follows: 

S = y i ^--2G\x,y)^- v (1.3.1') 

with the coefficients 

°. 1 ■ 
2G' = 2G ! — F 1 . (1.3.4) 

2 

We point out that S is homogeneous of degree 2 if and only if 
F l (x, y) is 2-homogeneous with respect to /. This property is not sat- 
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dF l 
isfied in the case — — = 0, and it is satisfied for examples 1 and 7 from 
oyJ 

section 1.2. 

We have 

Theorem 1.3.2. The variation of the kinetic energy T of a mechanical 
system Egg, along the evolution curves (1.1.2), is given by: 



dT 1 dx l 
~di~~2 l ~dt' 

Proof. A straightforward computation gives 



(1.3.5) 



dT _ dT dx l dT df f d dT 1 \ dx l dT df 
dt " dx' dt dy 1 dt " \dt dy' 2 ') dt dy' dt ' 

d f t dT\ 1 dx 1 _ dT 1 dx 1 
~dtyd^)~2 ''dT' ~d7~2 i ~dt' 

and the relation (1.3.5) holds good. 

Corollary 1.3.1. T =constant along the evolution curves if and only 
if the Liouville vector C and the external force Fe are orthogonal 
vectors along the evolution curves ofZ. 

Corollary 1.3.2. If Ft = gradt % then Z$> is conservative and T + 
% — h (constant) on the evolution curves ofL@. 

If the external forces Fe are dissipative, i.e. (C,Fe) < 0, then from 
the previous theorem, it follows a result of Bucataru-Miron (see [49]): 

Corollary 1.3.3. The kinetic energy T decreases along the evolution 
curves if and only if the external forces Fe are dissipative. 

Since the energy of Egg is T (the kinetic energy), the Theorem 1.3.2 
holds good in this case. The variation of T is given by (1.3.5) and 
hence we obtain: T is conserved along the evolution curves of Eo$ if 
and only if the vector field Fe and the Liouville vector field C are 
orthogonal. 



1.4 The nonlinear connection of L@ 

Let us consider the evolution semispray S of E$$ given by 



162 1 Riemannian mechanical systems 

id , °* 1 ,\ d 

s=y 5?- (2G -2 F) 3y (1A1) 

with the coefficients 

°. i . 
2G' = 2G l — F l . (1.4.2) 

2 

Consequently, the evolution nonlinear connection N of the mechanical 
system E@ has the coefficients: 



TV' 



1 dF l , k 1 dF 



=^-43y=^-W (1A3) 



dx 1 
If the external forces Fe does not depend by velocities y = — , 

dt 

then N =N . 

Let us consider the helicoidal vector field (see Bucataru-Miron, 
[49], [50]) 

\(dF L _d_Fj 
2 \dyJ dy 

dFt 
and the symmetric part of tensor -^—7 

oyJ 



Pij = ^(^-^j) d-4.4) 



2 v<?y «?y 



a J = ^(^4+^). (i.4.5) 



On TM, P gives rise to the 2-form: 

(1.4.40 P = P ij dx i Adx j 

and Q is the symmetric vertical tensor: 

(1.4.5') Q = Qijdx l ®dx j . 

Denoting by V the dynamical derivative with respect to the pair (S,N), 
one proves the theorem of Bucataru-Miron: 

Theorem 1.4.1. For a Riemannian mechanical system Egg = (M, T,Fe) 
the evolution nonlinear connection is the unique nonlinear connection 
that satisfies the following conditions: 
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(l)Vg = -ifi 
(2)e L (wr,ftr) = ip(x,y), vx,yG*(rM), 

where 

6 L = 4g ij 8y j Adx i (1.4.6) 

/s f/ze symplectic structure determined by the metric tensor gij and the 

o 

nonlinear connection N- 

8 d 



The adapted basis of the distributions N and V is given by . 

\ ox' ay 1 J 

where 

8 d *ri d 8 1 dFJ d „ Ar7S 

— mj . — I n 4 7) 

8x' dx' 'dyj 8x< 4 dy dyj V ' ' ' 

and its dual basis (dx 1 , 8y l ) has the 1 -forms 8y l expressed by 

° • 1 dF' 
8y , =dy l +N l i dx J =8y l --^dx J . (1.4.8) 

3 4 dyJ 

It follows that the curvature tensor ffl l jk of N (from (1.4.3) is 



& = 5Nk i 8Nk J = ( 8 d 8 d \ ,A K 

lj SxJ Sx' \8xJ dy' Sx' dyi 
and the torsion tensor of N is: 



G k — F k ) (1.4.9) 



dNh dN k j_f d d d d VA l B * >i 

(1.4.10) 



t«ij = Z^LJ. - —-L = I ___ _ _ (g* --F K ) = 0. 

dyJ dy 1 \dyJ dy 1 dy' dyJ J K 4 



These formulas have the following consequences. 

1 . The evolution nonlinear connection N of Zt% is integrable if and 
only if the curvature tensor ffl l jk vanishes. 

2. The nonlinear connection is torsion free, i.e. t\- = 0. 

The autoparallel curves of the evolution nonlinear connection N are 
given by the system of differential equations 
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d 2 x l j / dx\ dxi 



d x' i ( dx\ dx ] 



which is equivalent to 



d 2 x l ° Ti ( dx\dxJ \dF { dxJ /1/111S 

+ N l j[x,— _ = -—_. (1.4.H) 



<if 2 J \ ' dt J dt 4 ^y Jf 

/ /dx\ \ 
In the initial conditions xq, — , locally one uniquely deter- 

V \dtJJ 
mines the autoparallel curves of N. 

\£F l is 2-homogeneous with respect to /, then the previous system 
coincides with the Lagrange equations (1.1.4). 
Therefore, we have: 

Theorem 1.4.2. If the external forces Fe are 2-homogeneous with re- 

dx l 
spect velocities y l = — , then the evolution curves of Egg coincide 

dt 
to the autoparallel curves of the evolution nonlinear connection N of 

In order to proceed further, we need the exterior differential of 1- 

forms 8y'. 
One obtains 

d(8y i )=dN i j Adx j = -R\jdx j A dx k + B i kj 8y j A dx\ (1.4.12) 

where 

d 2 G i 
B l kj = B l ik = . . - . (1.4.13) 

oy^oyJ 

are the coefficients of the Berwald connection determined by the non- 
linear connection N. 



1.5 The canonical metrical connection Cr(N) 

The coefficients of the canonical metrical connection Cr(N) = (F l j k , 
C'j k ) are given by the generalized Christoffel symbols [166]: 



1.5 The canonical metrical connection Cr(N) 
( 
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1 jsf s 8sk Sg js 8g jk \ 
2 g I SxJ 8* k 5x* J 



F'jk = -X" I -iFf H 



ri K"( dgsk i 3§js dgjk \ 
Jk 2 g \dyJ + dyk df ) 



(1.5.1) 



where gtj(x) is the metric tensor of Za#. 

On the other hand, we have „ 3 - = ^ 3 - and ^ -. = 0, and there - 



8x l dx l 



fore we obtain: 



dy 



Theorem 1.5.1. The canonical metrical connection Cr{N) of the me- 
chanical system L@ has the coefficients 



F)k (x, y) = Y jk (x) , C l jk (x, y) = 0. 
Let G)'j be the connection forms of Cr(N): 

a) = F i jk dx k + C i jk 8y k = '/ Jk (x)dJ c . 
Then, we have ([166]): 



(1.5.2) 



(1.5.3) 



Theorem 1.5.2. The structure equation ofCr(N) can be expressed by 



l . 

2 



d(dx')-dx k ACO l k = 

d(8y i )-8y k Aco i k = -Q' 
d(Q l j - (Q k j A (O l k = - Q 'j 



(1.5.4) 



(1.5.5) 



where the 2-forms of torsion Q \ Q l are as follows 
Q l = C jk dx' A 8y k = 0, 

2 . 

Q l = R l jk dxJ A dx k + P' jk dx- ! A 5/. 

Here R l j k is the curvature tensor ofN and P l ; k = Yjk — Ykj — 0- 
The curvature 2-form Q. 1 - is given by 

a i j = ^RJ kh dx k Adx h +P j i kh dx k A8y h + \sj kh 8y k A8y\ (1.5.6) 
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where 

8F l M 8F l hk 

h jk = "dx 1 8xT + h J sk ~ hk sj + hs J k ~ 

(1.5.7) 

= ~!hfi ~dxi~ + "^ h J^ sk ~ 'te'V = r h.i k 

is. the Riemannian tensor of curvature of the Levi-Civita connection 
f- k {x) and the curvature tensors PhinShh vanish. 

Therefore, the tensors of torsion of Cr(N) are 

R l jk , T l jk = 0, S l jk = 0, P\ jk = 0, C jk = (1.5.8) 

and the curvature tensors of Cr(N) axe 

Rjkh(x,y) = rj kh (x), P/ kh (x,y) = 0, Sj kh (x,y) = 0. (1.5.9) 

The Bianchi identities can be obtained directly from (1.5.4), taking 
into account the conditions (1.5.8) and (1.5.9). 

The h- and v-covariant derivatives of J-tensor fields with respect to 

Cr(N) = {Yjkity are expressed, for instance, by 

8tij 



?hL-r* t -r> t - d -hL 

dy k ^WsJ ^Jk^-dyk- 



Therefore, CT(N) being a metric connection with respect to gij(x), 
we have 

Vkgij = Vkgij = 0, (1.5.10) 

o 

(V is the covariant derivative with respect to Levi-Civita connection 
of gij) and 

Vjtgy = 0. (1.5.10') 

The deflection tensors of CT(N) are 

D i J = y J y i = ^j+y s Ys J = -N' J + y y SJ 
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and 

The evolution nonlinear connection of a Riemannian mechanical 
system E& given by (1.4.3) implies 



D' 



o' ldF i . : IdF 1 



O ' 



where we have used Dj y' —Dj— 0. It follows 

Proposition 1.5.1. For a Riemannian mechanical system the deflec- 
tion tensors D'j and d'j of the connection Cr(N) are expressed by 



*1 = \t?- d 'j = S 'r O- 5 ' 1 ') 



1.6 The electromagnetism in the theory of the 
Riemannian mechanical systems Egg 

In a Riemannian mechanical system Egg = (M, T, Fe) whose exter- 

■ dx' 
nal forces Fe depend on the point x and on the velocity y = — , 

dt 
the electromagnetic phenomena appears because the deflection ten- 
sors D l j and d l - from (1.5.11) nonvanish. Hence the J-tensors Djj = 

gihD h j, dtj = gihSj = gtj determine the /z-electromagnetic tensor J^/y 
and v-electromagnetic tensor fy by the formulas, [166]: 

&U = \(PiJ-Dii), f lJ = 1 2(d lJ -d ji ). (1.6.1) 

By means of (1.5.11), we have 
Proposition 1.6.1. The h- and v -tensor fields &u and fu are given by 



*tj = 4*j, /y = 0. (1-6.2) 

where Pij is the helicoidal tensor (1.4.4) ofE^. 
Indeed, we have 
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,_. l, n n N 1 fdF i dF'\ 1 

If we denote R^ := gihR jh then we can prove: 

Theorem 1.6.1. The electromagnetic tensor JFy of the mechanical 

system Egg — (M,T,Fe) satisfies the following generalized Maxwell 
equations: 

Vk^ji + Vi&kj + Vj&ik = -(Rkjt+Rttj+Rjtk)- (1-6.3) 

V^ = 0. (1.6.3') 

Proof. Applying the Ricci identities to the Liouville vector field, we 
obtain 

V t D k j - VjD k t = frfy - Rf p Vid k j - Vj^ = 

and this leads to 

V t D kj - VjD ki = y h r hkij - R klj , (1 .6.4) 

VjD kl = 0. (1.6.4') 

By taking cyclic permutations of the indices i,k,j and adding in (1 .6.4), 
by taking into account the identity r/ u -^ + *hjki + r hkij = we deduce 
(1.6.3), and analogously (1.6.3'). 

From equations (1.6.2) and (1.6.4') we obtain as consequences: 

Corollary 1.6.4. The electromagnetic tensor J^ij of the mechanical 

dx l 
system Egg = (M, T,Fe) does not depend on the velocities y' = ——. 

Indeed, by means of (1.6.3') we have V ' j&ik = '■ = 0. 

In other words, the helicoidal tensor Py of Egg does not depend on 

dx l 
the velocities y l — — . 
dt 
We end the present section with a remark: this theory has applica- 
tions to the mechanical systems given by example 1° in Section 1.2. 
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1.7 The almost Hermitian model of the RMS L@ 

Let us consider a RMS Z^> = (M, r(jc,y) 5J Fe(x, j)) endowed with the 
evolution nonlinear connection with coefficients N l - from (1.4.3) and 

with the canonical TV-metrical connection Cr(N) = (Y- k (x) 7 0). Thus, 

on the velocity space TM = TM \ {0} we can determine an almost 

Hermitian structure H 2n = (TM,G,¥) which depends on the RMS 
only. 

-=—7, ■=— ; I be the adapted basis to the distributions TV and V 
8x' dy'J F 

and its adapted cobasis (dx\ 8y l ), where 



5*' 8x> : -*dyW (lyl) 



5/ =5/-^^ 



1 



The lift of the fundamental tensor gtj(x) of the Riemannian space 
M n = (M,gij(x)) is defined by 

G = gyd** (8) dx 7 ' Hhgy5y ® 8y j , (1.7.2) 

and the almost complex structure F, determined by the nonlinear con- 
nection N, is expressed by 

W = -^—(g)dx i + ir ^®Sy i . (1.7.3) 

ay 1 ox' 

Thus, the following theorems hold good. 
Theorem 1.7.1. We have: 

1. The pair (TM,Q) is a pseudo -Riemannian space. 

2. The tensor G depends on Z$> only. 

3. The distributions N and V are orthogonal with respect to G. 

Theorem 1.7.2. 1. The pair (TM, F) is an almost complex space. 

2. The almost complex structure F depends on Egg only. 

3. F is integrable on the manifold TM if and only if the d-tensor field 
R'j k (x,y) vanishes. 
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Also, it is not difficult to prove 
Theorem 1.7.3. We have 

1. The triple H 2n = (TM, G, F) is an almost Hermitian space. 

2. The space H 2n depends on E$> only. 

3. The almost symplectic structure ofH 2n is 

e=g ij 8y i Adx j . (1.7.4) 

If the almost symplectic structure 6 is a symplectic one (i.e. dO = 

0), then the space H 2n is almost Kahlerian. 

On the other hand, using the formulas (1.7.4), (1.4.12) one obtains 



1 

3! 
1 



dd = — (R iJk + R fM + Rkij ) dx l A dxJ A dx k 



+ ~ (gisB s jk - g js B s ik ) 8y k A dxJ A dx\ 



Therefore, we deduce 

Theorem 1.7.4. The almost Hermitian space H 2n is almost Kahlerian 
if and only if the following relations hold good 

Rtjk + Rjk, +Rk,j = 0, g ls B s ]k -g js B s ik = 0. (1.7.5) 

The space H = (TM, G, F) is called the almost Hermitian model 
of the RMS L m . 

One can use the almost Hermitian model H 2n to study the geomet- 
rical theory of the mechanical system E^. For instance the Einstein 
equations of the RMS Eg are the Einstein equations of the pseudo- 

Riemannian space (TM, G) (cf. Chapter 6, part 1). 

Remark 1.7.3. The previous theory can be applied without difficulties 
to the examples 1-8 in Section 1.2. 



Chapter 2 

Finslerian Mechanical systems 



The present chapter is devoted to the Analytical Mechanics of the 
Finslerian Mechanical systems. These systems are defined by a triple 

Ef = (M,F 2 ,Fe) where M is the configuration space, F(x,y) is the 
fundamental function of a semidefinite Finsler space F n = (M, F(x, y)) 
and Fe(x,y) axe the external forces. Of course, F 2 is the kinetic energy 
of the space. The fundamental equations are the Lagrange equations: 

_,_ 2 . ddF 2 dF 2 

We study here the canonical semispray S of Lf and the geometry of 
the pair (TM,S), where TM is velocity space. 

One obtain a generalization of the theory of Riemannian Mechani- 
cal systems, which has numerous applications and justifies the intro- 
duction of such new kind of analytical mechanics. 



2.1 Semidefinite Finsler spaces 

Definition 2.1.1. A Finsler space with semidefinite Finsler metric is a 
pair F" = (M,F(x,y)) where the function F : TM — ¥ M satisfies the 
following axioms: 

\° F is differentiable on TM and continuous on the null section of 

K\TM ->■ Af ; 
2°F>0onrM; 

3°F is positive 1 -homogeneous with respect to velocities x 1 =y l . 
4° The fundamental tensor gij(x,y) 
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1 d 2 F 2 

has a constant signature on TM; 
5° The Hessian of fundamental function F 2 with elements gij(x,y) is 
nonsingular: 

det( gij (x,y))^OonTM. (2.1.2) 

Example. If gij(x) is a semidefinite Riemannian metric on M, then 



\gij(x)yyJ\ (2.1.3) 

is a function with the property F" = (M, F) is a semidefinite Finsler 
space. 

Any Finsler space F" = (M 1 F(x,y)), in the sense of definition 
3.1.1, part I, is a definite Finsler space. In this case the property 5° 
is automatical verified. 

But, these two kind of Finsler spaces have a lot of common prop- 
erties. Therefore, we will speak in general on Finsler spaces. The fol- 
lowing properties hold: 

l°The fundamental tensor gij{x,y) is O-homogeneous; 

2 F 2 =g lj (x,y)y I yJ; 

ldF 2 
3 Pi = -r^r^- is d— covariant vector field; 
F 2 dy 

4° The Cartan tensor 

C _1 ^F 2 _ldgjj 

ijk 4dy'dyJdy k 2 dy k { ] 

is totally symmetric and 

y'C l}k = C Q]k = Q. (2.1.5) 

5° 0) = Pidx 1 is 1-form on TM (the Cartan 1-form); 

6° 6 = dco = dpi A dx' is 2-form (the Cartan 2-form); 
7° The Euler-Lagrange equations of F n are 

8° The energy ^ F ofF"is 
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■dF 2 o , 
g F =y l —^-F 2 = F 2 (2.1.7) 

9° The energy <§p is conserved along to every integral curve of 
Euler-Lagrange equations (2.1.6); 

10° In the canonical parametrization, the equations (2.1.6) give the 
geodesies of F n ; 

11 The Euler-Lagrange equations (2.1.6) can be written in the equiv- 
alent form 

d 2 x' i , dx.dxi dx k n „ , „ 

dx\ 

dt ) 
tensor gij(x,y). 
12° The canonical semispray S is 



where f k [ x, — ) are the Christoffel symbols of the fundamental 



S = y'-^--2G i (x,y)^- I (2.1.9) 

with the coefficients: 

2GW) = f jk {x,yW = Mwl (2-1.9') 

(the index "0" means the contraction with y l ). 
13° The canonical semispray S is 2-homogeneous with respect to y'. 

So, S is a spray. 
14° The nonlinear connection N determined by S is also canonical 

and it is exactly the famous Cartan nonlinear connection of the 

space F n . Its coefficients are 

M,(„ ) = ^) = I^y M („). (2 .uo) 

An equivalent form for the coefficients M is as follows 

N ( j = f ]Q {x,y)-C) k {x,y)ti Q {x,y). (2.1.10') 

Consequently, we have 

AT'o = /oo = 2G J '. (2.1.11) 
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Therefore, we can say: The semispray S' determined by the Cartan 
nonlinear connection N is the canonical spray S of space F n . 
15° The Cartan nonlinear connection N determines a splitting of vec- 
tor space T U TM, Vw G TM of the form: 

T U TM = N U @V U , MueTM (2.1.12) 

Thus, the adapted basis I — —, -— J , (i = l,..,n), to the previous 

8 
splitting has the local vector fields -=— : given by: 

A = A-iV%,,)A *=1 , (2.1.13) 

with the coefficients N'j(x,y) from (2.1.6). 
Its dual basis is (dx 1 , 8y l ) , where 

5y = dy l +N i j (x,y)dx j . (2.1.14) 

The autoparallel curves of the nonlinear connection N are given by, 
[166], 

^ +A, >^= a <2 - L15) 

Using the dynamic derivative V defined by N, the equations (2.1.11) 
can be written as follows 

,dx\ 
V(-)=0. (2.1.11-) 

1 6° The variational equations of the autoparallel curves (2. 1 . 1 1) give 
the Jacobi equations: 

w>ri fdN'jdx j „ l \„ t .k „,■ dx j dx k „ ,„ „ „ , x 



The vector field £'(?) along a solution c(f) of the equations (2.1.11) 
and which verifies the previous equations is called a Jacobi field. 

dgij 

df 

exactly the classical Jacobi equations: 



In the Riemannian case, -^-j. = 0, the Jacobi equations (2.1.12) are 
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17° A distinguished metric connections D with the coefficients 

Cr(N) = (Fj k ,C l - k ) is defined as a TV-linear connection on TM, 

metric with respect to the fundamental tensor gij(x,y) of Finsler 
space F'\ i.e. we have 



8ij\k ~ -g£ ~ F fkSsj ~ Fj k 8is - 0, 
8ij\k = -^k L - C ikSsj ~ C) k g ls = 0. 



(2.1.18) 



18° The following theorem holds: 

Theorem 2.1.1. 1° There is an unique N -linear connection D, with 
coefficients CF(7Y) which satisfies the following system of ax- 
ioms: A\. N is the Cartan nonlinear connection of Finsler space 

F n . 

Ai. D is metrical, {i.e. D satisfies (2.1.14)). 

2° The metric N -linear connection D has the coefficients Cr{N) — 
FJ k , C'- k ) given by the generalized Christoffel symbols 



F i l „is( 5 Ssj 8g sk 8gjk\ 
J k 2* V Sx k 5xJ 8x s J ' 

J k 2* \dy k dyJ dy s J ' 



(2.1.19) 



20° By means of this theorem, it is not difficult to see that we have 

C jk = g' s C sjk (2.1.20) 

and 

y'\ k = 0. (2.1.21) 

21° The Cartan nonlinear connection N determines on TM an almost 
complex structure F, as follows: 

¥ &=-w- *&=£>• i=i -' n ' <2 - L22) 
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But one can see that F is the tensor field on TM: 

F = -— ®dx' + — ®5/', (2.1.22') 

ay 1 ox 1 

with the 1 -forms 8y l and the vector field -=—7 given by (2.1.10), 

ox 1 
(2.1.9), (2.1.6). 

It is not difficult to prove that: The almost complex structure F is 
integrable if and only if the distribution N is integrable on TM. 
22° The Sasaki-Matsumoto lift of the fundamental tensor gij of Fin- 
sler space F n is 

<&{x,y) = gij{^y)dx l ®dx j +g ij (x,y)8y i <g> 8y j . (2.1.23) 

The tensor field G determines a pseudo-Riemannian structure on 
TM. 
23° The following theorem is known: 

Theorem 2.1.2. 1° The pair (G,F) is an almost Hermitian struc- 
ture on TM determined only by the Finsler space F n . 
2° The symplectic structure associate to the structure (G, F) is the 
Cartan 2-form: 

e=2g ij 8y i Adx j . (2.1.24) 

3° The space (TM,G,¥) is almost Kahlerian. 

The space H 2n = (TM,G,F) is called the almost Kahlerian model 
of the Finsler space F n . 

G.S. Asanov in the paper [27] proved that the metric G from 
(2.1.23) does not satisfies the principle of the Post-Newtonian Cal- 
culus. This is due to the fact that the horizontal and vertical terms of 
G do not have the same physical dimensions. 

This is the reason for R. Miron to introduce a new lift of the funda- 
mental tensor gy, [166], in the form: 

■ ■ a 2 

<&(x,y) = gij(x,y)dx'(g)dx J + -—-^g ij (x 1 y)8y l <g> 8y J 



where a > is a constant imposed by applications in Theoretical 

Physics and where ||y|| 2 = gij(x,y)y l yi = F 2 has the property F 2 > 0. 

The lift G is 2-homogeneous with respect to y'. The Sasaki-Matsumoto 
lift G has not the property of homogeneity. 
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Two examples: 1. Randers spaces. They have been defined by R. S. 
Ingarden as a triple RF n = (M, a + j8 ,N) , where a + /3 is a Randers 
metric and N is the Cartan nonlinear connection of the Finsler space 
F n =(M,a + j6), [175]. 

2. Ingarden spaces. These spaces have been defined by R. Miron, 
[166], as a triple IF' 1 = (M,a + P,Nl), where a + /3 is a Randers 
metric and Ni is the Lorentz nonlinear connection of F n = (M, a + /3 ) 
having the coefficients 

A^4^)/-^«, ^ = ^W(||-^). (2-1-25) 
The Christoffel symbols are constructed with the Riemannian met- 

o . 

ric tensor aij(x) of the Riemann space (M, a ) and F l ;{x) is the elec- 
tromagnetic tensor determined by the electromagnetic form (a + /3). 



2.2 The notion of Finslerian mechanical system 

As we know from the previous chapter, the Riemannian mechanical 
systems L% = (M, T,Fe) is defined as a triple in which M is the con- 
figuration space, T is the kinetic energy and Fe are the external forces, 
which depend on the material point x E M and depend on velocities 

i _ dxi 

y ' ~~dt' 

Extending the previous ideas, we introduce the notion of Finsle- 
rian Mechanical System, studied by author in the paper [175]. The 
shortly theory of this analytical mechanics can be find in the joint 
book Finsler-Lagrange Geometry. Applications to Dynamical Sys- 
tems, by loan Bucataru and Radu Miron, Romanian Academy Press, 
Bucharest, 2007. 

In a different manner, M. de Leon and colab. [138], M. Crampin et 
colab. [66], have studied such kind of new Mechanics. 

A Finslerian mechanical system Ep is defined as a triple 

Z F = (M,g F 2,Fe) (2.2.1) 

where M is a real differentiable manifold of dimension n, called the 
configuration space, S F i is the energy of an a priori given Finsler 

space F n = (M,F(x,y)), which can be positive defined or semide- 
fined, and Fe(x,y) are the external forces given as a vertical vector 
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field on the tangent manifold TM. We continue to say that TM is the 
velocity space of M. 

Evidently, the Finslerian mechanical system Ep is a straightfor- 
ward generalization of the known notion of Riemannian mechanical 
system Eoj obtained for <§ F i as kinetic energy of a Riemann space 

<2" = (M,g). 

Therefore, we can introduce the evolution (or fundamental) equa- 
tions of Ep by means of the following Postulate: 

Postulate. The evolution equations of the Finslerian mechanical sys- 
tem Ep are the Lagrange equations: 

ddS F i dS F i t dx' 

jt^r-^r = F ' {x ^ y= ^ {222) 

where the energy is 

dF 2 

£ F2 =y l —-F 2 = F 2 , (2.2.3) 

and Ff(x,y), ( i = 1 , . . , n), are the covariant components of the external 
forces Fe: 

Fe(x,y) =F l (x,y)^- 1 

W (2.2.4) 

Fi{x,y) =gij(x,y)F'(x,y), 

1 d 2 F 2 
gij(x,y) = -j-j-, det(gyfcy))#0, (2.2.5) 

is the fundamental (or metric) tensor ofFinsler space F n = (M, F (x, y)). 

Finally, the Lagrange equations of the Finslerian mechanical sys- 
tem are: 

ddF 2 dF 2 t dx 1 

jtw~^ r=Fi{x ^ y= ^" (2 - 2 - 6) 

A more convenient form of the previous equations is given by: 

Theorem 2.2.1. The Lagrange equations (2.2.6) are equivalent to the 
second order differential equations: 

d 2 x' , , dx.dxi dx k 1 ,-, dx. ,„ „ ^ 



and 
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where Yj k (x,y) are the Christoff el symbols of the metric tensor gij(x,y) 
of the Finsler space F n . 

Proof. Writing the kinetic energy F 2 (x,y) in the form: 

F 2 (x,y)=gij(x,y)yy, (2.2.8) 

the equivalence of the systems of equations (2.2.6) and (2.2.7) is not 
difficult to establish. 

But, the form (2.2.7) is very convenient in applications. So, we ob- 
tain a first result expressed in the following theorems: 

Theorem 2.2.2. The trajectories of the Finslerian mechanical system 
Ep, without external forces (Fe = 0), are the geodesies of the Finsler 
space F". 

Indeed, F l (x,y) = and the SODE (2.2.7) imply the equations 
(2.2.4) of geodesies of space F". 

A second important result is a consequence of the Lagrange equa- 
tions, too. 

Theorem 2.2.3. The variation of kinetic energy § F i = F of the me- 
chanical system Ep along the evolution curves (2.2.6) is given by 

^A (2.2.9) 

at at 

Consequently: 

Theorem 2.2.4. The kinetic energy <§ F 2 of the system Ep is conserved 
along the evolution curves (2.2.6) if the external forces Fe are orthog- 
onal to the evolution curves. 

The external forces Fe are called dissipative if the scalar product 
(C,Fe) is negative, [175]. 
The formula (2.2.9) leads to the following property expressed by: 

Theorem 2.2.5. The kinetic energy Spi decreases along the evolution 
curves of the Finslerian mechanical system Ep if and only if the exter- 
nal forces Fe are dissipative. 
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Some examples of Finslerian mechanical systems 

1 ° The systems L F = (M, S F i , Fe) given by F n = (M, a + j8 ) as a Ran- 

ders space and Fe = /3C = /3v'^-^. Evidently Fe is 2-homogeneous 

ay 1 

with respect to y'. 

2° E F determined by F n = (M, a + j8) and Fe = aC 

3° Z F with F n = (M, a + /3) and Fe = (a + j8)C. 

4° Z F defined by a Finsler space i 7 " = (M, F) and Fe = a l - k {x)y^y k ^— i , 

a l : k (x) being a symmetric tensor on the configuration space M of type 

(1,2). 

2.3 The evolution semispray of the system Ef 

The Lagrange equations (2.2.6) give us the integral curves of a re- 
markable semispray on the velocity space TM, which governed the 
geometry of Finslerian mechanical system Lf . So, if the external 
forces Fe are global defined on the manifold TM, we obtain: 

Theorem 2.3.1 (Miron, [175]). For the Finslerian mechanical sys- 
tems Lf, the following properties hold good: 
1° The operator S defined by 

is a vector field, global defined on the phase space TM. 

2° S is a semispray which depends only on Ep and it is a spray if 

Fe is 2-homogeneous with respect to y l . 

3° The integral curves of the vector field S are the evolution curves 
given by the Lagrange equations (2.2.7) ofLp. 

o 

Proof. 1° Let us consider the canonical semispray S of the Finsler 
space F'\ Thus from (2.3.1) we have 

S =°S +-Fe. (2.3.2) 

It follows that S is a vector field on TM. 
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2° Since Fe is a vertical vector field, then S is a semispray. Evi- 
dently, S depends on Ep, only. 

3° The integral curves of S are given by: 

«/; % + 2G i (x,y)= 1 -F i (x,y). (2.3.3) 

at at 2 

The previous system of differential equations is equivalent to sys- 
tem (2.2.7). 

In the book of I. Bucataru and R. Miron [49], one proves the fol- 
lowing important result, which extend a known J. Klein theorem: 

Theorem 2.3.2. The semispray S, given by the formula (2.3.1), is the 
unique vector field on TM, solution of the equation: 

i S 0)=-dT + o, (2.3.4) 

o 

where (O is the symplectic structure of the Finsler space F" = (M,F), 

1 9 1 dx l dx J 

T = —F = -gij— — — and o is the I -form of external forces: 

2 2 J dt dt 

o = F i (x,y)dx i . (2.3.5) 

In the terminology of J. Klein, [123], S is the dynamical system of 
Ep, defined on the tangent manifold TM. We will say that S is the 
evolution semispray of Ep. 

By means of semispray S (or spray S) we can develop the geometry 
of the Finslerian mechanical system Ep. So, all geometrical notion 
derived from S, as nonlinear connections, N-linear connections etc. 
will be considered as belong to the system Ep. 



2.4 The canonical nonlinear connection of the 
Finslerian mechanical systems Ep 

The evolution semispray S (2.3.1) has the coefficients G l expressed by 

2G\x,y) = 2 G l (x,y) - l -F\x,y) = Y jk (x,y)y J y k ~ ^W)- 

(2.4.1) 

Thus, the evolution nonlinear connection N (or canonical nonlinear 

connection) of the Finslerian mechanical system Ep has the coeffi- 
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cients: 
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dG l °, \dF l 

1 dyJ J AdyJ 



(2.4.2) 



where N with coefficients N l / is the Cartan nonlinear connection of 
Finsler space F" = (M 1 F(x,y)). 

N depends on the mechanical system Ef , only. It is called canonical 
forF". 

The nonlinear connection N determines the horizontal distribution, 
denoted by ,/V too, with the property 



T U TM = N U @V U , VweTM, 



(2.4.3) 



V u being the natural vertical distribution on the tangent manifold TM. 
A local adapted basis to the horizontal and vertical vector spaces 

N u and V u is given by ( — ( , -5-7 J, (i = l,..,n), where 

(2.4.4) 
and the adapted cobasis (dx\ 8y l ) with 

1 dF l 



8 y > =dy l +N l jdx J = dy l +lN l j-2-j-jjdx J , i=l,..,n. (2.4.4') 
From (2.4.4) and (2.4.4') it follows 



8 idFJ d 

+ i- 



8x' 8x l 4 dy l dyJ 

■ 1 dF' ■ 
8y' =8y l — -^—dx J . 
AdyJ 



(2.4.5) 



Now we easy determine the curvature M l jk and torsion t l j% of the 
canonical nonlinear connection N. One obtains 
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' Jk 8x k 8xJ \8x k dyJ 8x'dy k l { 



dy k dy' 



(2.4.6) 



f Jk =^--^ = o 



such that: 

1° The torsion of the canonical nonlinear connection N vanishes. 

2° The condition ffl 1 jk = is necessary and sufficient for N to be 
integrable. 

Another important geometric object field determined by the canon- 
ical nonlinear connection N is the Berwald connection BT(N) = 

(B'jk,0) = I fc ; ,0 I . Its coefficients are: 

1 d 2 F l 
**=**- 49W <2A7) 

o . 

where B l jk are coefficients of Berwald connection of Finsler space F n . 
The coefficients (2.4.7) are symmetric. 
We can prove: 

Theorem 2.4.1. The autoparallel curves of the evolution nonlinear 
connection N are given by the following SODE: 



t _dx[ 8y^_8y_ }_dF^dxJ__ 
y " dt' dt ~ dt 4 dyi dt 

Corollary 2.4.1. If the external forces Fe vanish, then the evolution 
nonlinear connection N is the Cartan nonlinear connection of Finsler 
space F n . 

Corollary 2.4.2. If the external forces Fe are 2-homogeneous with re- 
spect to velocities y\ then the equations (2.4.8) coincide with the evo- 
lution equations of the Finslerian mechanical system Ep. 

It is not difficult to determine the evolution nonlinear connection N 
from examples in section 2.3. 

Lemma 2.4.1. The exterior differential of the 1-forms 8y l are given 
by formula: 

d(8y l ) = dN l j A dx j = -^\jdx j A j/ + B i kj 8y j A dx*. (2.4.9) 
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2.5 The dynamical derivative determined by the 
evolution nonlinear connection N 

The dynamical covariant derivation induced by the evolution nonlin- 
ear connection N is expressed by (?) using the coefficients N' j from 
(2.4.2). It is given by 

v { x 'w) = ( sr+XJNlj) w- (2 - 5 - 1} 

Applied to a d- vector field X'(x,y), we have the formula: 

VX' = SX l \ = SX l + X j N l j (2.5.2) 

and for a J-tensor g,j, we have 

V 8ij = 8iJ | = Sgij - g sj N S i - g is N s h (2.5.2') 



where 



o 1 
S=S+-Fe 



N'j =N 



IdF' 



(2.5.3) 



4 dyj ' 



dF l 

Remarking that -=- - is a J-tensor field of type (1,1), one can intro- 
dyJ 

duce two J-tensors, important in the geometrical theory of the Finsle- 
rian mechanical systems Ep : 



l_fdF,_dF l \ = l_(<m dFj 

2\dyJ dy)' UlJ 2\dyJ dy 



^ S-S QiJ = zl^ + ^). (2-5-4) 



The first one Pn is called the helicoidal tensor of the Finslerian 
mechanical system Ep, [166]. 

Also, on the phase space TM, the elicoidal J-tensor Py give rise to 
the 2-form 

P = Pjjdx l Adx J (2.5.5) 

and Qij allows to consider the symmetric tensor 

Q = Q ij dx i ®dx j . (2.5.6) 
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The following Bucataru-Miron theorem holds: 

Theorem 2.5.1. For a Finslerian mechanical system Lf = (M, S F i , Fe) 
the evolution nonlinear connection N is the unique nonlinear connec- 
tion that satisfies the conditions: 

V§ = -\q, a(hX,hY) = ^P(X,Y), \/X,Yex(TM), (2.5.7) 

o 

where ft) is the symplectic structure of the Finsler space F n : 

®=2 gij dy j Adx 1 . (2.5.8) 

dx l 
If Fe does not depend on velocities y l = — we have P = 0, Q = 

dt 
0. One obtains the the case of Riemannian mechanical systems Zr, 
studied in the previous chapter. 



2.6 Metric N-linear connection of Lp 

The metric, or canonic, //-linear connection D, with coefficients 
Cr(N) = (F l jk, C'jk) of the Finslerian mechanical system Ef is uniquely 
determined by the following axioms, (Miron [161]): 

A\ . N is the canonical nonlinear connection of Ef. 

Ai- D is h-methc, i.e g tj - \ k = 0. 

A3. D is /z-symmetric, i.e. T l ^ = F l jk — F'kj = 0. 
A4. D is v-metric, i.e. gjj\k = 0. 
A5. D is v-symmetric, i.e. S'jk = Ojk — C'kj = 0. 
The following important result holds: 

Theorem 2.6.1. The local coefficients Dr(N) = (F'jk,Cjk) of the 
canonical N -connection D of the Finslerian mechanical system Ef 
are given by the generalized Christoffel symbols: 

}k 2 g V SxJ + 8x k Sx* J ' 

(2.6.1) 
r i l j s f^Ssk dgp dg jk \ 
Jk 2 g [dyJ + dy k dy )' 
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8 

Using the expression (?) of the operator -=—?, one obtains: 

ox 1 

Theorem 2.6.2. The coefficients F 1 ^, C/& of canonical N -connection 
D have the expressions: 

. v . . o . 

F'jk —F l jk + C l jk, C l jk —C l jk 

1 . /o ^F /! o ^ o dF h \ (2 ' 6 ' 2) 

^ = ~ A % [C M ^j+ C/rt ^F" Cjkh -^r) , 

o o . o . 

where Cr(N) = (F' jk,C'jk) are the coefficients of canonic Cartan 
metric connection ofFinsler space F n . 

A consequence of the previous formulas is the following relation: 

1 o . dF k 

y ] c l jh = - A c l hk y s -zy- (2.6.3) 

Let co 1 j be the connection forms of Cr(N): 

(O l j = F l jk dx k + C jk 8y k . (2.6.4) 

Then, we have 

Theorem 2.6.3. The structure equations of the canonical connection 
Cr(N) are given by: 

. l . 

d(dx') - dx k ACO l k = - Q \ 

d(8y')-8y k Aco' k = -Q i , (2 - 6 - 5) 



k. a m i _ /-> i 



d(0'j - ft) / A (0' k = - Q 



]■> 



1 . 2 . 

where the 2-forms of torsion Q\ Q l are as follows 

Q [ = Cj k dxJ A 5/, 

2.1. , 

Q l = -R' jk dx' A dx k + PjkdxJ A 8y k 

with 



(2.6.6) 
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8N l j 8N l k 
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R' 



jk 



P i k= dNl J F i k 
8x k 8xJ ' ; dy k J 



(2.6.7) 



and the 2-form of curvature Q'j is given by 
Q'j = Uj kh dx k A dx h + P/ kh dx k A 8y h + \s^ kh 8y k A 8y\ (2.6.8) 



where 



R ikh 



P/kh 



Sfkh 



8F' ik 8F' jh 



jh 



8x h 8x k 

Cjh \k~^~C J sP kh 



+ F s j k F l sh — F s j h F l sk + C l h s R s k h , 



dF 'jk 



dy 

"^ jk _ °^ jh „ s ri _ rs ri 

dy h dy k J' k sh i h J k ' 



(2.6.9) 



Taking into account that the coefficients F'j k and C l j k are expressed 
in the formulas (2.6.2), the calculus of curvature tensors is not diffi- 
cult. 

Exterior differentiating (2.6.5) and using them again one obtains 
the Bianchi identities of Cr(N). 

The h- and v-covariant derivatives, denoted by "i" and "|", with 

respect to canonical connection D have the properties given by the 
axioms A i — A4. 
So, we obtain 



x k 
-^T ~ gsjC s ik - gisC s jk = 0. 



>ij \ k ~ : TT ~ SsjF s ik - gisF S j k = 0, 

, d gi 
8ij\k 



(2.6.10) 



The Ricci identities applied to the fundamental tensor gjj give us: 

Rijkh + Rjikh = 0, Pijkh + Pjikh = 0, Sij k h + Sjj k h = 0, 

where R ijkh = g js Ri s kh , etc. 

Also, Pij k = gi s P s j k is totally symmetric. 
The deflection tensors of D are 
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Dl j=y\j = %^ 



,.s n't 



Taking into account (2.6.1 1), we obtain: 



\dF l 



^=^ + 7^7' di J = 5 'r ( 2 - 6 - 12 ) 



2.7 The electromagnetism in the theory of the 
Finslerian mechanical systems Ef 

For a Finslerian mechanical system Ep = (M, $ F 2,Fe) whose external 

forces Fe depend on the material point x E M and on velocity y' = 

dx l 

— , the electromagnetic phenomena appears because the deflection 
dt 
tensors D l j and d'j nonvanish. 

Setting Dij = gthD h j, dtj = g;/,<5 j, the /z-electromagnetic tensor J^ ; - 
and the v-electromagnetic tensor fy are defined by 

<?ij=l(Dij-Dji), fij=\(dij-dji). (2.7.1) 

By using the equalities (2.6.11), we have 

*U = \Ptl> fij = 0. (2.7.2) 

If we denote R^ := g^R jfo then one proves: 

Theorem 2.7.1. The electromagnetic tensor ^j of the Finslerian me- 
chanical system Lp = (M, T, Fe) satisfies the following generalized 
Maxwell equations: 
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1 

2 



&ij \k + ^ jk \i + ^ki \j = ^{/(Rsijk+Rsjki+Rskij)- 



-(R ijk +R jki + R kij )}, 

(2.7.3) 

&ij\k + &jk\l + &u\j = ^{f[{ p sijk ~ Psikj) + 

+ (P S jki ~ Psjik) + {Pskij ~ Pskji)] } 

where j?y is expressed in (2.7.2). 

Corollary 2.7.3. If the external forces Fe does not depend on the ve- 
locity y l then the electromagnetic fields ^"y and fy vanish. 

Remark 2.7.1. 1° The application of the previous theory to the exam- 
ples from section 2.2 is immediate. 

2° The theory of the gravitational field gu and the Einstein equa- 
tions can be realized by same method as in the papers, [166]. 



2.8 The almost Hermitian model on the tangent 

manifold TM of the Finslerian mechanical systems 

E F 

Consider a Finslerian mechanical system Ep = (M,F(x,y),Fe(x,y)) 
endowed with the evolution nonlinear connection N and also endowed 
with the canonical N— metrical connection having the coefficients 

Cr(N) = (F'jicCjk). On the velocity manifold TM = TM\{0} we 
can see that the previous geometrical object fields determine an al- 
most Hermitian structure H 2n = (TM,G,¥). Moreover, the theory of 
gravitational and electromagnetic fields can be geometrically studied 
much better on such model, since the symplectic structure 0, the al- 
most complex structure F and the Riemannian structure G on TM are 
well determined by the Finslerian mechanical system Ep. 
One obtains: 
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G = gijdx 1 (g) dx j + gijdy 1 <g> 8y j 

T=-£ 9d * + £ }9 # (281) 

P = —^ (8) 5/ + -^ <g> dbc 1 ", 



where 



5 5 ldF 5 <9 



< 



(2.8.2) 



oV oV 4 <9y <9y 

. ° . 1 5F' 

' 4 d/ 

Thus, the following theorem holds: 

Theorem 2&.\.We have: 

1° The pair (TM, G) w a pseudo Riemannian space. 

2° 77ze tensor G depends on Ep , onfy. 

3° 77?e distributions N and V are orthogonal with respect to G. 

Theorem 2.8.2. 1° The pair (TM,¥) is an almost complex space. 
2° F depends on Er, only. 

3° F is integrable on TM iff the tensors R l ji vanishes. 

Theorem 2.8.3. 1° The pair (TM, P) is an almost product space. 
2° P depends on Ep, only. 
3° P is integrable iff the tensors R'jk vanishes. 

The integrability of F and P are studied by means of Nijenhuis ten- 
sors ,jV^ and Jfe : 

c y^(X,Y)=¥ 2 (X,Y) + [¥X,¥Y]-¥[¥X,Y}- 

-¥[X,¥Y], VX,Yex(TM). 

In the adapted basis I -=-j, -r-r J ,jVf = if, and only if R 1 ^ = 0, fjk = 

0. But the torsion tensor t l jk vanishes. 

It is not difficult to prove the following results: 

Theorem 2.8.4. 1° The triple (TM, G,F) is an almost Hermitian 
space. 
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2° ( TM, G, F ) depends on Finslerian mechanical system Ep, only. 



3° The almost symplectic structure G of the space ( TM, G, F j is 

e=g ij 8y i Adx j , (2.8.3) 

with by 1 from (2.8.2). 

If the almost symplectic structure 6 is a symplectic one (i.e. dO = 
0), then the space H 2n = (f~M, G, f] is almost Kahlerian. 

But, using the formulas (2.8.3) and (2.4.9) one obtains: 

dd = —(Rj jk +R jki +R kij )dx i Adx j Adx k + 

3! { (2.8.4) 

+ ^ (gis&jk ~ gjsB s lk ) 8y k A dxJ A dx l . 

Therefore we deduce 

Theorem 2.8.5. The space H 2n = ( TM, G, F j is almost Kahlerian if 
and only if the following equations hold: 

Rtjk + Rjki + Rktj = 0; g is B s jk - g js B s lk = 0. (2.8.5) 



The space H 2n = ( TM, G, F j is called the almost Hermitian model 
of the Finslerian Mechanical System Zp . 

Remark. We can study the space H 2n = ( TM, G, P ) by similar way. 

One can use the model H 2 ' 1 = ( TM, G, F j to study the geometrical 

theory of Finslerian Mechanical system Ep = (M , F (x,y) , Fe(x,y)) . 
For instance, the Einstein equations of the pseudo Riemannian space 

(TM, G) can be considered as the Einstein equations of the Finslerian 
Mechanical system Ep. 

Remark. G.S. Asanov showed, [27], that the metric G given by the lift 
(2.8.1) does not satisfy the principle of the Post-Newtonian calculus. 
This is due to the fact that the horizontal and vertical terms of the 
metric G do not have the same physical dimensions. This is the reason 
for the author to introduce a new lift, [174], of the fundamental tensor 
gij(x,y) of Ep that can be used in a gauge theory. This lift is similar 
with that introduced in section 2.1, adapted to E R . 
It is expressed by 
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■ ■ a 2 ■ ■ 

G(x,y) = gij(x,y)dx l ®dx J + -^ gij (x,y)8y l <g> 8y J , (2.8.6) 

° ■ 1 dF' 
where 8y l =8y l H ^—^dx J and a > is a constant imposed by appli- 

4 o'y 

cations. This is to preserve the physical dimensions to the both terms 

ofG. __ 

Let us consider also the tensor field on TM 

F = <g)^' + ^ <g)5y (2.8.7) 

a ay 1 t ox 1 

and the 2-form 

Q = %Q. (2.8.8) 

F 

Then, we have: 

Theorem 2.8.6. 

1 ° The triple ( TM, G, F j is an almost Hermitian space. 

2° The 2-form given by (2.8.8) is the almost symplectic structure 
determined by ( G, F 



3° 6 is conformal to 6. 

The space H 2n = ( TM, G, F ) can be used to study the geometrical 



theory of the Finslerian mechanical system Ep, too. 



Chapter 3 

Lagrangian Mechanical systems 



A natural extension of the notion of the Finslerian mechanical system 
is that of the Lagrangian mechanical system. It is defined as a triple 
El = (M,L(x,y),Fe(x,y)) where: Mis a real n— dimensional C TC man- 
ifold called the configuration space; L(x,y) is a regular Lagrangian 
with the property that the pair L n = (M,L(x,y)) is a Lagrange space; 
Fe{x,y) is an a priori given vertical vector field on the velocity space 
TM called the external forces. The number n is the number of freedom 
degree of El. The equations of evolution, or fundamental equations of 
Lagrangian mechanical system El are the Lagrange equations: 

d dL dL . . ,■ dx l ,. „ „ . 

« j,W-^ =F,{x ' y) ' y= * ( ' =ll2 --" ) 

where F\ are the covariant components of the external forces Fe. These 
equations determine the integral curves of a canonical semi spray S. 
Thus, the geometrical theory of the semispray S is the geometrical the- 
ory of the Lagrangian mechanical system El. The Lagrangian L(x,y) 
and the external forces Fe(x,y) do not explicitly depend on the time t. 
Therefore El is a scleronomic Lagrangian mechanical system. 



3.1 Lagrange Spaces. Preliminaries 

Let L n = (M 7 L(x,y)) be a Lagrange space (see ch. 2, part I). L : TM — >■ 
R being a regular Lagrangian for which 

8ij(x,y) = -didjL(x,y) (3.1.1) 
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is the fundamental tensor. Thus gij(x,y) is a covariant of order 2 sym- 
metric J— tensor field of constant signature and non singular: 

det{gi]{x,y)) ^OonTM = TM\{0}. (3.1.2) 

The Euler-Lagrange equations of the space L n are: 
d dL dL i dx l 

dtdy-d* = °' y = *- i3A3) 

As we know, the system of differential equations (3.1.3) can be 
written in the equivalent form: 

d 2 x* °;( dx\ 

+ 2G l [x,— = (3.1.4) 



with 



dt 2 V ' dt J 



2G = l -g' s {(d s d h L)y h -d s L} (3.1.4') 



4 = ^ = ^)- 

o I o 

G are the coefficients of a semispray S: 



S = ydi-2G(x,y)di (3.1.5) 



and S depend on the space L n , only. 

o 

S is called the canonical semispray of Lagrange space L n . 
The energy of the Lagrangian L(x,y) is: 

S L = y l diL-L. (3.1.6) 

In the chapter 2, part I, we prove the Law of conservation energy: 

Theorem 3.1.1. Along the solution curves of Euler-Lagrange equa- 
tions (3.1.3) the energy Si is conserved. 

The following properties hold: 

o 

1° The canonical nonlinear connection Af of Lagrange space L n has the 
coefficients 
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o ' o I 

Nj = djG (3.1.7) 

o 

2°N determine a differentiable distribution on the velocity space TM 
supplementary to the vertical distribution V: 

T u TM = N u ®V m VueTM. (3.1.8) 

o 

3° An adapted basis to (3.1.8) is (<5 ; -,<9,-) ; „ (i = 1, ...,«), where 

8 l = di-N i (x,y)d J (3.1.9) 

o 

and an adapted cobasis (dx 1 , Sy') u , (i = l,...,n) with 

£y = jy +iv;(x,y)jy (3.1.9') 

o o o' o ' 

4° The canonical metrical 7Y— connection Cr(N) = (L ■ Ar ,C, yt ) has the 
coefficients expressed by the generalized Christoffel symbols: 



o i o o o 

L jh = 2 gU ^jSsh + Shgjs - Ssgjh) 

°» 1 . . 

Cjh = ~8 ls (dj8sh + dhgjs ~ d s gj h ) 



(3.1.10) 



'jh 2 
5° The Cartan 1-form of L" is 

a = -(d i L)dx i (3.1.11) 

6° The Cartan-Poincare 2-form of L n is 

Q = d(0 = gij (x, y) By 1 A dx j (3.1.12) 



7° The 2-form 6 determine a symplectic structure on the velocity man- 
ifold TM. 

Example 3.1.1. The function 
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L(x,y) = mcy ii {x)y i y ] + —A^y 1 + <&(x) (3.1.13) 

' m 

with m,c,e the known physical constants, y,-,-(jc) are the gravitational 
potentials, Yjj(x) being a Riemannian metric, A,-(jc) are the electro- 
magnetic potentials and fy? (x) is a potential function. Thus, L" = 
(M,L(x,y)) is a Lagrange space. It is the Lagrange space of electro- 
dynamics (cd. ch. 2, part I). 



3.2 Lagrangian Mechanical systems, El 

Definition 3.2.1. A Lagrangian mechanical system is a triple: 

E L = (M,L(x,y),Fe(x,y)), (3.2.1) 

where L" = {M,L{x,y)) is a Lagrange space, Fe(x,y) is an a priori 
given vertical vector field: 

Fe(x,y)=F i (x,y)d i , (3.2.2) 

the number n = dimM is the number of freedom degree of El; the 
manifold M is real C°° differentiable manifold called the configuration 

space; Fe(x,y) is the external forces and F l (x,y) are the contravariant 

components of Fe. Of course, F l (x,y) is a vertical vector field and 

Fi{x,y)=gij(x,y)FJ{x,y) (3.2.3) 

are the covariant components of Fe. F{(x,y) is a d— covector field. 
The 1-form: 

o = Fi(x,y)dx' (3.2.4) 

is a vertical 1-form on the velocity space TM. 

The Riemannian mechanical systems L@ and the Finslerian me- 
chanical systems Ep are the particular Lagrangian mechanical sys- 
tems El. 

Remark 3.2.1. The notion of Lagrangian mechanical system El is dif- 
ferent of that of "Lagrangian mechanical system" defined by Joseph 
Klein [123], which is a Riemannian conservative mechanical system. 

The fundamental equations of El are an extension of the Lagrange 
equations of a Finslerian mechanical system Ep, from the previous 
chapter. 
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So, we introduce the following Postulate: 

Postulate. The evolution equations of the Lagrangian mechanical sys- 
tem Ei — (M,L,Fe) are the following Lagrange equations: 

d(dL\ dh ( dx' 

It{dy)-d* =Fl{x ^ y= ^- (3 - 2 - 5) 

But the both members of the Lagrange equations (3.2.5) are J— co- 
vectors. Consequently, we have: 

Theorem 3.2.1. The Lagrange equations (3.2.5) of a Lagrangian me- 
chanical system Ll = (M, L, Fe) have a geometrical meaning. 

Theorem 3.2.2. The trajectories without external forces of the La- 
grangian mechanical system Li = (M,L,Fe) are the geodesies of the 
Lagrange space L" = (M,L). 

Indeed, Fi(x,y) = implies the previous affirmations. 

For a regular Lagrangian L(x,y) (in this case (3.1.2) holds), the La- 
grange equations (3.2.5) are equivalent to the second order differential 
equations (SODE): 

d 2 x l °V dx\ 1 , / dx\ „ n „ 

+ 2G [x,— ) =-F l [x,— ), (3.2.6) 



dt 2 K'dtJ 2 \'dtj' 



o I 



where the functions G (x,y) are the local coefficients (3.1.4') of 

o 

canonical semispray S of Lagrange space L n = (M,L(x,y)). 

The equations (3.2.6) are called fundamental equations of El, too. 



3.3 The evolution semispray of El 

The Lagrange equations (3.2.6) determine a semispray S which de- 
pend on the Lagrangian mechanical system E L , only. 
Indeed, the vector field on TM: 

S = y i d i -2G i (x,y)d i (3.3.1) 

with 

2G\x,y) = 2G(x,y) - X -F\x,y) (3.3.2) 
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has the property 75 = C. So it is a semispray depending only on E L . 

Theorem 3.3.1 (Miron). For a Lagrangian mechanical system Ei the 
following properties hold: 

\°The semispray S is given by 

S=°S+^Fe (3.3.1') 

2° S is a dynamical system on the velocity space TM. 

3° The integral curves ofS are the evolution curves (3.2.6) of El. 

In fact, 1° derives from the formulas (3.3.1) and (3.3.2). 
2° S being a vector field on TM, compatible with the geometric struc- 
ture of TM, (i.e. JS = C), it is a dynamical system on the manifold 
TM. 

3° The integral curves of S are determined by the system of differen- 
tial equations 

f = /, §f + 2GW)=0. (3.3.3) 

By means of the expression (3.3.2) of the coefficients G'(x, y) the sys- 
tem (3.3.4) is coincident to (3.2.6). 

The vector field S is called the evolution (or canonical) semispray 
of the Lagrangian mechanical system E^. Exactly as in the case of 
Riemannian or Finslerian mechanical systems, one can prove: 

Theorem 3.3.2 ([49]). The evolution semispray S is the unique vector 
field, on the velocity space TM, solution of the equation 

i s = -d£ L + o (3.3.4) 

with J? from (3.1.6) and a from (3.2.4). 

But S being a solution of the previous equations, we get: 

S(E L ) = d£ L (S) = o(S) = F iy ' = gijFy. 

So, we have: 

Theorem 3.3.3. The variation of energy Si along the evolution curves 
of mechanical system Ei is given by 

dS L ( dx\ dx l 

F i\ x i-r) -17- (3.3.5) 



dt \ dt ) dt 
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The external forces field Fe is called dissipative if g(C,Fe) = 
gijF'y J < 0. Thus, the previous theorem implies: 

Theorem 3.3.4. The energy of Lagrange space LP = (M,L) is de- 
creasing along the evolution curves of the mechanical system El if 
and only if the external forces field Fe is dissipative. 

Evidently, the semispray S being a dynamical system on the veloc- 
ity space TM it can be used for study the important problems, as the 
stability of evolution curves of El, the equilibrium points etc. 



3.4 The evolution nonlinear connection of El 

The geometrical theory of the Lagrangian mechanical system El is 
based on the evolution semispray S, with the coefficients G'(x,y) ex- 
pressed in formula (3.3.2). Therefore, all notions or properties derived 
from S will be considered belonging to the mechanical system El. 
Such that, the evolution nonlinear connection N of El is character- 
ized by the coefficients: 

N' J (x 1 y) = d j G i (x,y) = dG(x 1 y)-^dF'(x,y) =N J (x,y)-^d J F i (x,y). 

(3.4.1) 
Since djFi is a J— tensor field, consider its symmetric and skewsym- 
metric parts: 

Plj = \&jFi + ZiFj), F ij = ^(djF i -d i F j ) (3.4.2) 

The J— tensor Fy is the elicoidal tensor field of El, [166]. 

The evolution nonlinear connection N allows to determine the dy- 
namic derivative of the fundamental tensor gtj(x,y) of El: 

g lJ \=S(g lJ )-g, ls N s J -g SJ NS. (3.4.3) 

It is not difficult to prove the following formula: 

8ij\ = \Pij- (3-4.4) 

N is metric nonlinear connection if g t j\ = 0. So, we have 
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Proposition 3.4.1. The evolution nonlinear connection N is metric if, 
and only if the d— tensor field Pjj vanishes. 

The adapted basis (<5 ; , <9,) to the distributions N and V has the oper- 
ators 8t of the form: 

8, = dt -Njdj = ft + X -diF s d s . (3.4.5) 

The dual adapted cobasis [dx\ 8y l ) has 1 -forms 8y l : 

dy j = dy l + N)dx j = dy - - djF j dx j (3.4.5') 

In the adapted basis the evolution semispray S has the expression: 

d 



-4 



2G-N j yJ--[F'--d J Fyj 



dyr (3A5,,) 



Consequences: 
1°5 cannot be a vertical vector field. 

oi 

2° If the coefficients G are 2-homogeneous with respect to the ver- 
tical variables y' and the contravariant components F ; (x,j) are 2- 

homogeneous in y', then the canonical semispray S belongs to the 
horizontal distribution N. 

The tensor of integrability of the distribution N is 

R) h = 8 h N) - 8jN l h = (8 h dj - 8jd h ) (g - ^F*\ (3.4.6) 

Thus: A^ is integrable iff R l . h = 0. 

The d— tensor of torsion of the nonlinear connection ,/V vanishes. 
Indeed: 

t' jh = 3^-^ = 0. (3.4.7) 

The Berwald connection Br(N) = (B l - k , 0) of the canonical nonlin- 
ear connection /V has the coefficients 



oi I 

4' 



B) h = B ]h --d } d h F\ (3.4.8) 
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where (Bj h , 0) are the coefficients of Berwald connection of Lagrange 
space L n . 

It follows that Br(N) is symmetric: B i - h -B i h - = tj h = 0. 

In the following section we need: 

Lemma 3.4.1. The exterior differential of 1 -forms 8y l are given by 

d8y l = ]rR) h dx h A dx j + B) h 8y j A dx h . (3 .4.9) 

Indeed, from (3.4.5') we have: 

ddy 1 = dN) A dx j = d^dx* A dx j + d h N)8y h A dx j , 

which are exactly (3.4.9). 

By means of the formula (3.4.5') one gets: 

Theorem 3.4.1. The autoparallel curves of the canonical nonlinear 
connection N are given by the differential system of equations: 

o 



}_<&_ sy_ _ 8y_ _ i , idxi_ 

dt ' dt dt 4 7 dt 



y* = —,-Tr--=-TT~ -djF*— -= 0- (3.4.10) 



Evidently, if Fe = 0, then the canonical nonlinear connection ,/V 

o 

coincides with the canonical nonlinear connection ,/V of the Lagrange 
space L". 

In particular, if L^ is a Finslerian mechanical system Ep, then the 
previous theory reduces to that studied in the previous chapter. 



3.5 Canonical A/— metrical connection of El. Structure 
equations 

Taking into account the results from part I, the canonical iV— metrical 
connection Cr(N) is characterized by: 

Theorem 3.5.1. The local coefficients Dr(N) = (Z/. fe , C'- k ) of the canon- 
ical N— metrical connection of Lagrangian mechanical system El are 
given by the generalized Christoffel symbols: 
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L )h = 28' S ( 5 j8sh + S h gsj ~ 8 s gjk) 

(3.5.1) 

c )h = 2 gh ^i 8sh + ^hSsj - dsgjh)- 

Using the expression (3.4.5) of the operator 8 k and developing the 
terms 8hgij from (3.5.1), we get: 

Theorem 3.5.2. The coefficients L l - lv C'- h of Dr{N) can be set in the 
form 



C)k = \s is (c skh dF h + C Jsh dF h - C jkh dF h \ 



(3.5.2) 



o o I o I 

where Cr(N) = (Lj k ,Cj k ) is the canonical N— metrical connection of 
the Lagrange space L n = (A/,L(x,y)). 

Let CO 1 - be the connection 1 -forms of the canonical Af— metrical con- 
nection Dr(N): 

co) = V jk dx k + C) k 8y k . (3 .5.3) 

Then, we have: 

Theorem 3.5.3. The structure equations of canonical N —metrical con- 
nection Dr(N) of Lagrangian mechanical system El are given by: 

d(dx') - dx k Aco' k = -Q. 

2 i (3.5.4) 

d(8y')-8y k AC0' k = -Q 

dco'j-co k jAco l k = -Q', 

1 ' 2 ' 

where the 1 -form of torsions f2 and f2 are: 
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/ 



a =C jk dxJA8y k 



(3.5.5) 



2 l 1 

n = -R) k dxJ A dx k + P' jk dxJ A 8y k 
and the 2 -forms of curvature fi': is as follows: 

CI) = l -R) kh dx k A dx h + P/ kh dx k A 8y h + l -S) kh 8y k A 8y h (3.5.6) 
where the d— tensors of torsions are: 



T l —T l —T l -0- S' — C — C — 



o' 



(3.5.7) 



C) k = C ]k , R) k = 8 k N)-8jNl, P^ k = B' jk -U jk 
and the d— tensors of curvature are: 

R j kh = 5 k L 'jk ~ 5 k L 'jh + LS jk L 'sh ~ L )h L \k + C )s R kh 

p /kh = ^ jk -C' mk + C i js P\ h (3.5.8) 

S j kh = d h C )k ~ d k C )h + °jk C lh ~ C )h C sk- 

Here C l - k , h is the h—covariant derivative of the tensor C'- k with respect 

toDr(N). 

So, we have 

8ij\h = Shgij-gsjL s ih -gisL) h = 0, 

(3.5.9) 

gij\h = dhgij - gsj q h - gis c s jh = o. 

Applying the Ricci identities to the fundamental tensor g (J , it is not 
difficult to prove the identities 

Rijkh +Rjikh = 0, Pijkh + Pjikh = 0, Syjy, + Sjjkh = 0, (3.5. 10) 

where R ijkh = gjsRf^, etc. 

Also, Pjj k = gi S P s kh is totally symmetric. 
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Taking into account the form (3.5.2) of the coefficients of Dr(N), 
the calculus of J— tensors of torsion (3.5.7) and of J— tensors of cur- 
vature (3.5.6) can be obtained. 

The exterior differentiating the structure equations (3.5.4) modulo 
the same system of equations (3.5.4) and using Lemma (3.4.1) one 
obtains the Bianchi identities of the TV— metrical connection Dr(N). 

The h— and v— covariant derivative of Liouville vector field C = 

v'^— lead to the deflection tensors of DTiN): 
oy l 

&j=y\j = Sjy'+yXj, <• = A = ty+fcjj. (3.5.H) 

Theorem 3.5.4. The expression of h— tensor of deflection D'- and v— 
tensor of deflection d l : are given by 



D^/lJsj-NJ, d^S'j+fCsj. (3.5.12) 

Finally, we determine the horizontal paths, vertical paths of Dr(N) 
and its autoparallel curves. 

The horizontal paths of metrical connection Dr(N) = (L l - k ,C'- k ) 
are given by 

d 2 x' ; ( dx\ dx-i dx k dx' „ „ „„ 

+L\ k (x,— )—— = Q, y l = — , (3.5.13) 



dt 2 J k \' dtj dt dt ' ' y " dt 

where the coefficients L l - k are expressed by formula (3.5.2). 

■ ■ fdx l \ 
In the initial conditions x = x l n , y l = — , local, this system of 

\ dt .Jo. 

differential equation has a unique solution x l = x'(t),y l =y'(t),t E I. 

The vertical paths, at a point (x' ) E M are characterized by system 
of differential equations: 



df 
dt 



J- + C jk (x 0l y)y J y k = 0, x i =x i . (3.5.14) 



In the initial conditions x l = x l Ql y l = y l the previous system of differ- 
ential equations, locally, has a unique solution. 
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3.6 Electromagnetic field 

For Lagrangian mechanical system El — (M,L,Fe) the electromag- 
netic phenomena appear because the deflection tensor D l - nonvan- 

ishes. 

The covariant components D t j = gj s D s -, djj = gi s d s - determine h— e- 

lectromagnetic field j£/ 7 and v— electromagnetic field fy as follows: 

&U = \(PiJ- D Ji)i fij = \idij-dji). (3.6.1) 

Taking into account the formula (3.5.1 1) one obtains: 



where &ij is the electromagnetic tensor field of the Lagrange space 
L n , F{j is the elicoidal tensor field of mechanical system El and Fy is 
the skewsymmetric tensor 

#y = {djF s C irs - diF r C jrs }/. (3.6.3) 

In the case of Finslerian mechanical system Ep the electromagnetic 
tensor j£y is equal to -Fy. 

Applying the method given in the chapter 2, part I, one gets the 
Maxwell equations of the Lagrangian mechanical system El. 



3.7 The almost Hermitian model of the Lagrangian 
mechanical system El 

Let JV be the canonical nonlinear connection of the mechanical sys- 
tem El and (5,-, di) the adapted basis to the distribution JV and V. Its 
dual basis is (dx' : 8y') . The iV— lift G of fundamental tensor g/ 7 - on the 
velocity space TM = TM \ {0} is given by 

G = gtjdx 1 ® dx j + gij 8y l ®5y j . (3.7.1) 
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The almost complex structure F determined by the nonlinear con- 
nection N is expressed by 

F = 5t <8> dx j - di ® dx\ (3.7.2) 

Thus, one proves: 

Theorem 3.7.1. We have: 

1°G is a pseudo-Riemannian structure and F is an almost complex 
structure on the manifold TM. They depend only on the Lagrangian 
mechanical system Ll. 

2° The pair (G, F) is an almost Hermitian structure. 

3° The associated 2-form of (G, F) is given by 

B=g i] 8y i AdxK 

4° is an almost symplectic structure on the velocity space TM. 
5° The following equality holds: 

1 • 

6 = 6--Fjjdx'Adx J , 

o o 

G being the symplectic structure of the Lagrange space L'\ i.e. = 

o 

gijdy AdxK 

o 

Since 9 is the symplectic structure of Lagrange space L", we have 

o 

dO = 0. So the exterior differential d6 is as follows: 

d6 = --dFjjAdx' Adx j . (3.7.3) 

4 

But dFjj = 8i<Fijdx k + dkFij8y k . Consequently one obtain from (2.2): 

d6 = - — (F ij \ k + F jk \ i + F ki \ j )dx k Adx'Adx j - -d k Fij8y k Adx' Adx j . 

(3.7.4) 
Consequently: 

o 

1° 6 = 6, if and only if the helicoidal tensor Fy vanish. 

2° The almost symplectic structure of the Lagrangian mechanical 
system El is integrable, if and only if the helicoidal tensor Fy satisfies 
the following tensorial equations: 
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F ij\k + F jk\i + F ki\j = °> <kFij = 0, (3.7.5) 

where the operator " | " is h— covariant derivation with respect to canon- 
ical TV— linear connection Dr(N) . 

Now we observe that some good applications of this theory can be 
done for the Lagrangian mechanical systems E L = (M, Lfa y) , Fe fa y) ) 
when the external forces Fe are of Liouville type: Fe = a(x,y)C 



3.8 Generalized Lagrangian mechanical systems 

As we know, a generalized Lagrange space GL n = (M,gtj) is given 
by the configuration space M and by a J— tensor field gij fay) on the 

velocity space TM = TM\ {0}, gu being symmetric, nonsingular and 
of constant signature. 

There are numerous examples of spaces GL n given by Miron R. 
[175], Anastasiei M. [14], R.G. Bed [40], [41], T. Kawaguchi [176] 
etc. 

1° The GL n space with the fundamental tensor 

gij fa y) = ccjj (x) + yiyj , y= ccjy j (3.8.1) 

and Ctjj(x) a semidefinite Riemann tensor. 

2 ° gijfay) = a ij( x ) + f i - -/ — c J y«y;. yi = a ijy ] where n ( x ^y) > 

1 is a C°° function (the refractive index in Relativistic optics), [176]. 

3° gijfay) = aij(x,y)+ayjyj, a E R+, yi = a^ and where ay fay) 
is the fundamental tensor of a Finsler space. 

The space GL n = (M, gij fay)) is called reducible to a Lagrange 
space if there exists a regular Lagrangian Lfay) such that 

!i= ! " w (3 - 8 - 2) 

A necessary condition that the space GL n = (M,gij(x,y)) be re- 
ducible to a Lagrange space is that the d— tensor field 



208 3 Lagrangian Mechanical systems 

be totally symmetric. 

The following property holds: 

Theorem 3.8.1. If we have a generalized Lagrange space GL n for 
which the fundamental tensor gij(x 1 y) is 0-homogeneous with respect 
to y l and it is reducible to a Lagrange space L n = (M,L), then the 
function L(x,y) is given by: 

L(x,y) =gij(x,y) y y + 2A i (x)y i + W{x). (3.8.4) 

The prove does not present some difficulties, [166]. 

Also, we remark that in some conditions the fundamental tensor 
gij(x,y) of a space GL n determine a non linear connection, [241], 
[242]. 

For instance, in the cases 1°,2°,3° of the previous examples we 
° ' 1 . 
can take: 1°,2°, Nj = ^Yj k (x)y-'y k , Yjk( x ) being the Christoffel sym- 
bols of the Riemannian metric y,-,-(jc). For example 3° we take M = 

-f; k {x,y)yiy k where Yj k (x,y) are the Christoffel symbols of Yij(x,y) 
(see ch. 2, part I). 

Let us consider the function £{x,y) on TM: 

£(x,y) = 8ij (x,y)yy (3.8.5) 

called the absolute energy [161] of the space GL n . The fundamen- 
tal tensor gij(x,y) is say to be weakly regular if the absolute energy 
<?(x,y) is a regular Lagrangian. That means: the tensor gij(x,y) = 

-didjS is nonsingular. Thus the pair (M, <o(x,y)) is a Lagrange space. 

Definition 3.8.1. A generalized Lagrangian mechanical system is a 
triple Eq L = (M,gij,Fe), where GL = (Af,gy) is a generalized La- 
grange space and Fe is the vector field of external forces. Fe being a 
vertical vector field we can write: 

Fe = F\x,y)d. (3.8.6) 

In the following we assume that the fundamental tensor gij(x,y) of 
Zqi is weakly regular. Therefore we can give the following Postulate 
[49]: 

Postulate. The evolution equations (or Lagrange equations) of a gen- 
eralized Lagrange mechanical system Zql a re: 
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ddS M t dx l 

with the covariant components of¥e: 

F i (x,y)=g iJ (x,y)FJ(x,y). (3.8.8) 

The Lagrange equations (3.8.7) are equivalent to the following sys- 
tem of second order differential equations: 

+ 2G l [x,— ) = -F l [x,— ) 



dt 2 V ' dt J ~ 2 V ' dtj 

(3.8.9) 

2 8 \dy s dxJ y dx s 

Therefore, one can apply the theory from this chapter for the La- 
grangian mechanical system El = (M, <?(x,y),Fe). So we have: 

Theorem 3.8.2. 1 ° The operator 

S = y l di - 2 ( & - -F j j d t (3.8.10) 

is a semispray on the velocity space TM. 
2° The integral curves ofS are the evolution curves o/Egl- 
3°S is determined only by the generalized mechanical system Eql- 

Theorem 3.8.3. The variation of energy Eg = y-^—r — $ are given by 

oy l 

dE s & F ( d*\ m (3.8.11) 



dt dt \ dt J 

Fe are called dissipative if gijF'y J < 0. 

Theorem 3.8.4. The energy Eg is decreasing on the evolution curves 
(3.8.9) of system Eql if and only if the external forces Fe are dissipa- 
tive. 

Other results: 
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4° The canonical nonlinear connection ,/V of Zg.l has the local coeffi- 



cients 



O I 



N) = djG - \d jF \ 



(3.8.12) 



5° The canonical $— linear metric connection of mechanical system 
Eq L , Dr(N) = {Ljk.Cjk) has the coefficients: 



ft _ 1 -fa 1 8 Sjs $gsk 8§jk 
■' k 2* \ 8x k 8xJ 8x s 



ri 1 Jsf d SJs , dgsk dg jk 
J k 2 S \dy k dyj df 



(3.8.13) 



By using the geometrical object fields gy, S, N, Dr(N) we can 
study the theory of Generalized Lagrangian mechanical systems Eg,l- 



Chapter 4 

Hamiltonian and Cartanian mechanical systems 



The theory of Hamiltonian mechanical systems can be constructed 
step by step following the theory of Lagrangian mechanical system, 
using the differential geometry of Hamiltonian spaces expound in part 
I. The legality of this theory is proved by means of Legendre dual- 
ity between Lagrange and Hamilton spaces. The Cartanian mechani- 
cal system appears as a particular case of the Hamiltonian mechani- 
cal systems. We develop here these theories using the author's papers 
[154] and the book of R. Miron,D. Hrimiuc,H. ShimadaandS. Sabau 
[174]. 



4.1 Hamilton spaces. Preliminaries 

Let M be a C°°— real n— dimensional manifold, called configuration 
space and (T*M, n*,M) be the cotangent bundle, T*M is called mo- 
mentum (or phase) space. A point u* = (x, p) E T*M, %* (u*) = x, has 
the local coordinate (x',p,-). 

As we know from the previous chapter, a changing of local coordi- 
nate (x, p) — > (x, p) of point u* is given by 



(S 



^=P(x 1 ,...,x"),det( 

~ dxJ 

* = 1¥ PJ 

The tangent space T* t T*M has a natural basis I t— ^ = <9,-, 



(4.1.1) 



y dx' ' dpi 

with respect to (4.1.1) this basis is transformed as follows 
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d dx-i d dpj d 



dx 1 dx' dxJ dx l dp: 

(4.1.2) 

, . dx 1 X j 
dxJ 

Thus we have: 

1° On T*M there are globally defined the Liouville 1-form: 

p = Pidx' (4.1.3) 

and the natural symplectic structure 

o 

6 = dp = dpiAdx l . (4.1.4) 

2° The vertical distribution V has a local basis (d 1 , ...,d n ). It is of 
dimension n and is integrable. 

3° A supplementary distribution N to the distribution V is given by 
a splitting: 

T U *T*M = N U *®V U * 1 \/u*eT*M. (4.1.5) 

Af is called a horizontal distribution or a nonlinear connection on the 
momentum space T*M. The dimension of Af is n. 

4° A local adapted basis to Af and V are given by (8i,d l ), (i = 
1, ...,n), with 

8i = di+Njid j . (4.1.6) 

The system of functions Nji(x, p) are the coefficients of the nonlinear 
connection N. 
5° 

t ij =N iJ -N Ji (4.1.7) 

is a d— tensor on T*M - called the torsion tensor of the nonlinear con- 
nection N. If tij = we say that N is a symmetric nonlinear connec- 
tion. 

6° The dual basis (dx\8pt) of the adapted basis (<5 ; , d') has 1-form 
8 pi expressed by 

8pi = dp i -N ij dx j . (4.1.8) 

7° 

Proposition 4.1.1. 7/W is a symmetric nonlinear connection then the 

o 

symplectic structure 6 can be written: 
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e^dptAdx 1 . (4.1.9) 

8° The integrability tensor of the horizontal distribution N is 

R klJ = 8 l N k j-8 J N kl (4.1.10) 

and the equations R k ij = gives the necessary and sufficient condition 
for integrability of the distribution N. 

The notion of A^— linear connection can be taken from the ch. 2, part 
I. 

Definition 4.1.1. A Hamilton space is a pair//" = (M,H(x,p)) where 
H(x,p) is a real scalar function on the momentum space T*M having 
the following properties: 

1°// : T*M ^Ris differentiable on f*M = T*M\ {0} and continuous 

on the null section of projection tf*. 
2° The Hessian of//, with the elements 



-d'd j H 

2 



(4.1.11) 



is nonsingular, i.e. 

det(g y ) ^ on f*M. (4.1.12) 

3°The 2-form g l J(x 1 p)rf i r}: has a constant signature on T*M. 
In the ch. 2, part I it is proved the following Miron's result: 

Theorem 4.1.1. 1° In a Hamilton space H" = (M,H(x,p))for which 
M is a paracompact manifold, there exist nonlinear connections de- 
termined only by the fundamental function H(x,p). 



2° One of the, N, has the coefficients 



o 

N 



1 



'./ 



)Sjh 



l -g ik d k {HJ h H} + d h diH 



(4.1.13) 



3° The nonlinear connection N is symmetric. 

o 

In the formula (4.1.13), {, } is the Poisson brackets. iV is called the 
canonical nonlinear connection of H n . 





no) = r 

Jo 


dx' 

P i(t)^-^(x(t), P (t)) 


where 








Jt?(x,p) = -H(x,p) 
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The variational problem applied to the integral of action of H n : 

dt, (4.1.14) 

(4.1.15) 

z 

leads to the following results: 

Theorem 4.1.2. The necessary conditions as the functional 1(c) be 
an extremal value of the junctionals 1(c) imply that the curve c(t) = 
(x'(t),pi(t)) is a solution of the Hamilton- J acobi equations: 

^_^ = , ^+^ = 0. (4.1.16) 

dt dpi dt ox 1 

o 

If N is the canonical nonlinear connection then the Hamilton- 
Jacobi equations can be written in the form 

£ **=0, ^ + ^0. (4.1.17) 

dt dpi dt ox' 

Evidently, the equations (4.1.16) have a geometrical meaning. 
The curves c(t) which verify the Hamilton-Jacobi equations are 
called the extremal curves (or geodesies) of H". 
Other important results: 

Theorem 4.1.3. The fundamental function H (x, p) of a Hamilton space 
H n = (M,H) is constant along to every extremal curves. 

Theorem 4.1.4. The following properties hold: 

o 

1° For a Hamilton space H n there exists a vector field t, G 3^(T*M) 
with the property 



2° E, is given by 



io6 = -dH. (4.1.18) 



l^mdi-diHd 1 ). (4.1.19) 
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o 

3° The integral curve of E, is given by the Hamilton-] acobi equa- 
tions (4.1.16). 

o 

The vector field £ from the formula (4.1.19) is called the Hamilton 
vector of the space H". 

Proposition 4.1.2. In the adapted basis of the canonical nonlinear 

o ° 

connection N the Hamilton vector t, is expressed by 

l^-i&Hdi-diHd 1 ). (4.1.20) 

By means of the Theorem 4. 1 .4 we can say that the Hamilton vector 
field £ is a dynamical system of the Hamilton space H". 



4.2 The Hamiltonian mechanical systems 

Following the ideas from the first part, ch. ..., we can introduce the 
next definition: 

Definition 4.2.1. A Hamiltonian mechanical system is a triple: 

E H = (M,H(x,p),Fe(x,p)), (4.2.1) 

where H n = (M,H(x,p)) is a Hamilton space and 

Fe(x 1 p)=F l (x 1 p)d i (4.2.2) 

is a given vertical vector field on the momenta space T*M. 
Fe is called the external forces field. 

The evolution equations of Eh can be defined by means of equa- 
tions (4.1.16) from the variational problem. 

Postulate 4.2.1. The evolution equations of the Hamiltonian mechan- 
ical system Eh are the following Hamilton equations: 

— - d l calH = 0, ^ + diJP = -F t (x,p), ^ = -H. (4.2.3) 
dt dt 2 2 

Evidently, for Fe = 0, the equations (4.2.3) give us the geodesies of 
the Hamilton space H n . 
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o 

Using the canonical nonlinear connection N we can write in an in- 
variant form the Hamilton equations, which allow to prove the geo- 
metrical meaning of these equations. 

Examples. 1° Consider H n = (M,H(x,p)) the Hamilton spaces of 
electrodynamics, [19]: 

1 2e ■ e 3 

H{x,p) = —f J (x) Pi pj yA\x)pi + —*Ai{x)A l {x) 

mc mc L mc^ 

and Fe = pid' . Then Eh is a Hamiltonian mechanical system deter- 
mined only by H n . 

2° H n - (M,K 2 (x,p)) is a Cartan space and Fe = pjd'. 

3° H n = (M, £{x,p)) with £{x,p) = f j (x)pjPj and Fe = a(x)p i d i . 

Returning to the general theory, we can prove: 

Theorem 4.2.1. The following properties hold: 
1° E, given by 

^^Hdi-idiH-Ft)?] (4.2.4) 

is a vector field on T*M. 

2° E, is determined only by the Hamiltonian mechanical system Eh- 
3° The integral curves of t, are given by the Hamilton equation 

(4.2.3). 

The previous Theorem is not difficult to prove if we remark the 
following expression of £ : 

$=l + l -Fe. (4.2.5) 

Also we have: 

Proposition 4.2.1. The variation of the Hamiltonian H (x, p) along the 
evolution curves of Eh is given by: 

dH ^dx l ,,„ „ 

*=**• (4 - 16) 

As we know, the external forces Fe are dissipative if (Fw, C) > 0. 
Looking at the formula (4.2.6) one can say: 
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Proposition 4.2.2. The fundamental function H(x,p) of the Hamilto- 
nian mechanical system Eh is decreasing on the evolution curves of 
Eh, if and only if the external forces Fe are dissipative. 

The vector field £. on T*M is called the canonical dynamical system 
of the Hamilton mechanical system Eh- 

Therefore we can say: The geometry of Eh is the geometry of pair 



4.3 Canonical nonlinear connection of Eh 

The fundamental tensor g'J(x,p) of the Hamilton space H" is the fun- 
damental or metric tensor of the mechanical system Eh- But others 
fundamental geometric notions, as the canonical nonlinear connec- 
tion of Eh cannot be introduced in a straightforward manner. They 
will be defined by means of Jzf— duality between the Lagrangian and 
the Hamiltonian mechanical systems El and Eh (see ch. ..., part I). 

Let E L = (M, L(x, y) , Fe(x, y) ) , Fe = F l (x, y) <9 ; be a Lagrangian me- 
chanical system. The mapping 

<p : (x,y) eTM^ (x,p) e T*M, p, = -d,L 

is a local diffeomorphism. It is called the Legendre transformation. 
Let \jr be the inverse of <p and 

H(x,p) = 2ptf-L(x,y),y=Y(x,p). (4.3.1) 

One prove that H" = (M,H(x,p)) is an Hamilton space. It is the J5f — 
dual of Lagrange space L n = (M,L(x,y)). 
One proves that <p transform: 

o o 

1° The canonical semi spray S of L" in the Hamilton vector t, of//". 

o 

2° The canonical nonlinear connection Nl of L n into the canonical 

o 

nonlinear connection Nh of H n . 

3° The external forces Fe of El into external forces Fe of Eh, with 

l 

Fi(x,p) = gij{x,p)F({x, Y(x,p)). 

4° The canonical nonlinear connection Nl of El with coefficients 
into the canonical nonlinear connection Nh of Eh with the coefficients 



218 4 Hamiltonian and Cartanian mechanical systems 

Nij(x,p) =Nij (x,p) + l -g ih d h Fj. (4.3.2) 

o 

Nij are given by (...., ch. ...). 
Therefore we have: 

Proposition 4.3.1. The canonical nonlinear connection N of the Hamil- 
tonian mechanical system Eh has the coefficients Nij, (4.3.2). 

Of course, directly we can prove that Nij are the coefficients of a 
nonlinear connection. It is canonical for Eh, since N depend only on 
the mechanical system Eh- 

The torsion of N is 

tij=\(gihZ h Fj-gjhd h Fd- (4-3.3) 

Evidently d'Fj = 0, implies that N is symmetric nonlinear connection 
on the momenta space T*M. 

Let (8j,d') be the adapted basis to N and V and [dx\8pi) its 
adapted cobasis: 

8 i = d i +N ji dJ = 8 l + ^g jh d h F l dJ 1 

(4.3.4) 

° 1 
8 pi = dpi-Nijdx j = 8 pi - -g ih d h Fidx j . 

The tensor of integrability of the canonical nonlinear connection ,/V is 

R klJ = 8 l N k j-8 J N kl . (4.3.5) 

F-kij — characterize the integrability of the horizontal distribution N. 
The canonical N— metrical connection Cr{N) = (H'- k ,Cj ) of the 

Hamiltonian mechanical system Eh is given by the following Theo- 
rem: 

Theorem 4.3.1. The following properties hold: 

1) There exists only one N— linear connection Cr = (Nij^H'-^CJ ) 

which depend on the Hamiltonian system Eh and satisfies the axioms: 
1° Nij from (4.3.2) is the canonical nonlinear connection. 
2° Ct is h— metric: 

g\l = 0. (4.3.6) 
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3° Cr is v— metric: 

g ij \ k = 0. (4.3.6') 

4° Cr is h— torsion free: 

Tjk^H^-Hij^O. (4.3 .7) 

5° Cr is v— torsion free 

Sj k = Cjf*-Cf / = 0. (4.3.7') 

2) 77ze coefficients of CF are given by the generalized Christoffel 
symbols: 

H jk = 2 glS ^i gsk + S *8J* ~ 5s8 J^ 

(4.3.8) 

C} k = -\gis(dJg sk + 5 V s " <V) 

Now, we are in possession of all data to construct the geometry 
of Hamilton mechanical system Eh. Such that we can investigate the 
electromagnetic and gravitational fields of Z# . 



4.4 The Cartan mechanical systems 

An important class of systems Z# is obtained when the Hamiltonian 
H(x,p) is 2-homogeneous with respect to momenta pi. 

Definition 4.4.1. A Cartan mechanical system is a set 

Le={M,K{x,p),Fe{x,p)) (4.4.1) 

where ^ n = (M,K(x,p)) is a Cartan space and 

Fe = F i (x,p)d i (4.4.2) 

are the external forces. 

The fact that ^" is a Cartan spaces implies: 

1° K(x,p) is a positive scalar function on T*M. 

2° K(x,p) is a positive 1 -homogeneous with respect to momenta pi. 

3° The pair H n = (M,K 2 (x,p)) is a Hamilton space. 
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Consequently: 

a. The fundamental tensor g l J(x,p) of 'jf" is 

g iJ = IfrdJK 2 . (4.4.3) 

b. We have 

K 2 = g'Jp lPj . (4.4.4) 

c. The Cartan tensor is 

C'J k = l -d l did k K 2 , Pi C ijk = 0. 

d. <g n = (M,K(x,p)) is _Sf— dual of a Finsler space F n = (M, 
F(x,y)). 

o 

e. The canonical nonlinear connection N, established by R. Miron 
[175], has the coefficients 

Ntj= TtjPh ~ l(tf r PhP r )d s gijJ (4.4.5) 

Yj k (x 7 p) being the Christoffel symbols of gij(x,p). 

Clearly, the geometry of T*g is obtained from the geometry of Zh 
taking // = ,K 2 (*,/?). 

So, we have: 

Postulate 4.4.1. The evolution equations of the Cartan mechanical 
system E^ are the Hamilton equations: 

W -¥' K2 = °' f^={^P)- (4.4.6) 

A first result is given by 

Proposition 4.4.1. 1° The energy of the Hamiltonian K 2 is given by 
S K 2 = p i d i K 2 -K 2 = K 2 , 

2° The variation of energy S K 2 = K 2 along to every evolution curve 
(4.4.6) is 

dK 2 „dx l fA Arn 

=F t — . (4.4.7) 

dt dt v 

Example. Z<#, with K(x,p) = {f j (x)piPj} 1 ^ 2 , (M,y,--(;c)) being a 

Riemann spaces and Fe = a(x,p)pid l . 
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Theorem ... of part ... can be particularized in: 

Theorem 4.4.1. The following properties hold good: 
1° E, given by 

S = l[PK 2 d l -(d$ 2 -F i )d i \ (4.4.8) 

is a vector field on T*M. 

2° E, is determined only by the Cartan mechanical system Ecg. 

3° The integral curves of E, are given by the evolution equations 
(4.4.6) ofZv. 

The vector E, is Hamiltonian vector field on T*M or of the Cartan 
mechanical system E^. 

Therefore, the geometry of E%> is the differential geometry of the 

pair (#",€)■ 

The fundamental object fields of this geometry are ^ n ,^,Fe, the 
canonical nonlinear connection N with the coefficients 

Nij =Nij +\g lh d h Fj, (4.4.9) 

Taking into account that the vector fields 5 ; = dj—Njid-i determine an 
adapted basis to the nonlinear connection N, we can get the canonical 
N— metrical connection Cr(N) of L<g. 

Theorem 4.4.2. The canonical N— metrical connection Cr(N) of the 
Cartan mechanical system L^ has the coefficients 

H) k = \g is (8 j8sk + 8 k8js - S sgJk ), Cj k = g is C s *. (4.4.10) 

Using the canonical connections ,/V and Cr(N) one can study the 
electromagnetic and gravitational fields on the momenta space T*M 
of the Cartan mechanical systems £,<$, as well as the dynamical system 

€ of Ar. 



Chapter 5 

Lagrangian, Finslerian and Hamiltonian 

mechanical systems of order k > 1 



The notion of Lagrange or Finsler spaces of higher order allows us to 
introduce the Lagrangian and Finslerian mechanical systems of order 
k > 1 . They will be defined as an natural extension of the Lagrangian 
and Finslerian mechanical systems. Now, the geometrical theory of 
these analytical mechanics is constructed by means of the differential 

geometry of the manifold T k M— space of accelerations of order k and 
of the notion of k— semispray, presented in the part II. 



5.1 Lagrangian Mechanical systems of order k > 1 

We repeat shortly some fundamental notion about the differential ge- 
ometry of the acceleration space T k M. 

Let T k M be the acceleration space of order k (see ch. 1, part II) 
and u G T k M, u = (x,y( l \...,y( k >) a point with the local coordinates 

A smooth curve c : / — > M represented on a local chart % C M by 
x' =x l {t),t G/ can be extended to {n k y x {^) C T^Mby c :/->• T k M, 
given as follows: 

v=v w ,^=l^),...,^=±^ w ,, e /. .u) 

Consider the vertical distribution Vi,V2,--, Vk- They are integrable 
and have the properties V\ D Vi D ... D V^- The dimension of \4 is n, 
dim\4-i = 2n, ..., dimVi = kn. 

The Liouville vector fields on T k M are: 
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y dyW 

r= y mi—?— 7+ 2/ 2 ) i 



r = y < 






dy( 



Di 



dyW' 



dy( k )' 



(5.1.2) 



1 2 k 

Thus rev k ,re v k -i, .... r e V\. 

The following operator: 

r = ^ 1)i #7+2j (2)/ T4rv+-+^ )/ T7 ^ 

dx l 3y(l)» 3y(* -1 ) 



(5.1.3) 



is not a vector field on T* <, but it is frequently used. On T k M there 
exists a k tangent structure J defined in en. 2. J is integrable and has 
the properties 



hnJ = V, kerJ = V k , rank/ = k" 



(5.1.4) 



1 2 1 k fc-1 

and 7(r) = 0, /(r) = I\ ..., 7(r) = r ,JoJo ...oj = 0(k times). 

A fc— semispray is a vector field S on the acceleration space T k M 
with the property 

k 
JS = T. (5.1.5) 

Also, 5 is called a dynamical system on 7^M. 

The local expression of a £;— semispray 5 is (ch. 1, part II) 



S = T-(k+l)G 



, d 



dyW 



(5.1.6) 



The system of functions G'(x,y^\ ...,y( k >) are the coefficients of S. 

The integral curves of the k— semispray S are given by the following 
system of differential equations 



( d k - x x { 
~dt k=r 



+ (k+l)G i (x,y( 1 \...,yW) = 



y dt""'" y k\dt k ' 



(5.1.7) 
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If Fe = F'(x,y( l \ ...,y( k >) -, .. is an arbitrary vertical vector field 
into the vertical distribution V k and S is a &— semispray, thus 

S' = S + Fe (5.1.8) 

k 
is a fc— semispray, because JS' =JS = T. 

Recall the notion of nonlinear connection (ch. 1, part II): 

A nonlinear connection on the manifold T k M is a distribution N 
supplementary to the vertical distribution V — V\ : 

T u T k M = N(u)+V(u)i \/uET k M. (5.1.9) 

An adapted basis to the distribution N is (ch. 1, part II) 

8 9 ; d , d 

— = — -N J — -j— -...-N J — tt^. (5.1.10) 

Sx' dx' itdyWj kjdy^J 

The systems of functions N-i,...,N J are the coefficients of nonlinear 

1 / k i 

connection N. 

Let A^i , ...,Nk-i, Vk the vertical distributions defined by 

Ni=JW,N 2 = J(Ni),...,N k - 1 =J(N k - 2 ),V k = J(N k -i)aDdNo = N. 

(5.1.11) 
Thus, dirmVo =dim/V"i = ... =dimN k = n and we have 

T u T k N = NQ{u)@Ni{u)@...@N k - X {u)@V k , ^ueT k M. (5.1.12) 
The adapted basis to the direct decomposition (5.1.12) is as follows: 



(5.1.13) 



8x v SyW"' SyW 



8 

where -=— r is given by (5.1.10) and 
ox' 



n* 



8yW \8x'J ' 5y( 2 )' \8yW' J ''"' SyW 

(5.1.14) 

= !-?-)=-?- 

V^- 1 )''; dyW 
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The expressions of the basis (5.1.13) can be easily obtained from the 
formulas (5.1.10), (5.1.14) (ch. 1, part II). 

The dual basis of the adapted basis (5.1.13) is: 

(fix*,*/ 1 )',...,*/*)'), (5.1.15) 



where 



8x' — dx l 



!./ 



5 y (2)« = dy® 1 +M i dyMJ +MW 



(5.1.16) 



l J 2 j 



§y(k)i = dy (k)i + M i dy (k-l)j + _ + M l dxJ 



1 j k J 



and the systems of functions M l ,...,M l are the dual coefficients of 



!j k J 



the nonlinear connection N. The relations between dual coefficients 
M\...,M l and (primal) coefficients N\...,N' are (ch. 1, part II): 



l J k .i l J k j 



M' =N' , 
l J l J 



M[=N>+N m M> 1 (5>L17) 



2 ./' 2 j l j 



M l =N l + N m M l + ... +N m N ' . 

k j kj k-lj 1 m 1 j k-l m 

This recurrence formulas allow us to calculate the primal coefficients 
N' ,...,N l functions by the dual coefficients M\...,N l . 

l J k .i l J kj 

1 k 

In the adapted basis (5.1.13) the Liouville vector fields r,...,T can 
be expressed: 
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8y( k ) ( 



r = * 1V t£v+*P'tjB i <5 ' L18) 



where z^ 1 ^, ...,z^' are ?/ze d-Liouville vector fields: 
z iX)i = y iX)i 

2z^' = 2yW' +M' y^ m 

x ™ (5.1.19) 

(Jk-i)' (jfc-i)' 

fcz(*)'=*y(*)'+ M y(*-l)» + ...+ M yW m . 

(!) m (^ m 

To a change of local coordinates (ch. 1, part II) on the acceleration 

manifold T k M, every one of the Liouville J— vectors transform on the 
rule: 

^a)i = ™(a)j^ ( a=1 *). (5.1.20) 

So, they have a geometric meaning. 



5.2 Lagrangian mechanical system of order k, L L k 

Definition 5.2.1. A Lagrangian mechanical system of order k > 1 is a 
triple: 

E Lk = (M,L(xJ l \...JV),Fe(xJ l \...JV)), (5.2.1) 

where 

L® n = (M,L(jc,;yW,...,;yW)) (5.2.2) 

is a Lagrange space of order k > 1, and 

Fe(x,/ 1 ),..., 3 ;W)= J P'(x,3;( 1 ),...,3;( fc ))^ 7 (5.2.3) 
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is an a priori given vertical vector field. 

Clearly, Fe is a vector field belonging to the vertical distribution Vk 

and its contravariant components F l is a distinguished vector field. Fe 

or F l are called the external forces of Ez/>. 

Applying the theory of Lagrange spaces of order k > 1 to the space 

iy) n we have the fundamental (or metric) tensor field of Z L k : 

* d ' L (5 2 4) 

and the Euler-Lagrange equations 

K J ~ W rff dy«* l j A* «9y«< " 

(5.2.5) 

v (l)i = ^! v (*)l = i^ 

7 dt'""' y k\dt k ' 

This is a system of differential equations of order Ik, autoadjoint. It 

allows us to determine a canonical semispray of order k on T k M. 
° , 

Indeed, sinceJ5,-(L) is a d— covector field on T M, we can calculate 



„(*) 



£(0(Ol-(jc,r j ' "■'■ )) and obtain ( ch - 1. P^ n ) : 

E i {$L) = $E i + ^E i {L) + ... + -^Ei{L). (5.2.6) 

l fe 

The coefficients Ei(L),...,Ei(L) are J— covector fields discovered by 
Craig and Synge (we refer to books [161]). 
So, we have: 



k ~ l i r 1 

E t (L) = (-!)*- 



(t-1)! 



<9L J dL 



dy( k - 1 )' dtdyW 



(5.2.7) 



Theorem 5.2.1. For any Lagrange spaces LS k > n = (M,L) the following 
properties hold: 

..k-\ 
1° the system of differential equations g l] E ,(L) = has the form 

d k+l x l „ °' / Jjc 1 rf fe x\ „ _ 
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with 

° i i ..r ?h ?h 

(5.2.9) 



(k+i)G=yj 



dy( k )J dy( k ~ l )J 



o I 



2° The system of functions G from (5.2.9) are the coefficients of 

o 

k— semispray S which depends only on the Lagrangian L(x,y( >, ..., 

y {k) )- 

o 

So, S is the canonical semispray of L^' 1 . But it leads to a canonical 

o 

nonlinear connection N for LW n . 
Indeed, we have 

o 

Theorem 5.2.2 (Miron [161]). S being the canonical k— semispray of 

o 

Lagrange space lS> n , there exists a nonlinear connection N of the 
space L^ k ' n which depend only on the fundamental function L. The 

o 

non-connection N has the dual coefficients: 

w dG ' 
M l - 



ij dyW 



1 ° . 
M l = -(SM l +M' M' n ), (5.2.10) 

2 j ^ 1 ; 1 m 1 j 



1 o 

M l =-(SM' + M l M m ). 

k ; k k—lj k—l m k—l; 



Now, we can develop the geometry of Lagrange space L^ n by 

o o 

means of the geometrical object fields L,S,N and g ;/ (ch. 2, part II). 
We apply these considerations to the geometrization of Lagrange me- 
chanical system E L k. 



5.3 Canonical k— semispray of mechanical system E L k 

The fundamental equations of mechanical system Z^ are given by: 
Postulate 5.3.1. The evolution equations of the Lagrangian mechan- 
ical system of order k, E L k = (A/, L, Fe) are the following Lagrange 
equations: 
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( d dL dL 

(5.3.1) 



dtdyW dy^- 1 ) 1 


— L ii 


(i)< _ &t (k)i _ 
y dt'"' ,y 


1 d k x { 
k\ dt k 



where 



,y 



(k), 



(5.3.2) 



are the covariant components of external forces Fe. 

Evidently, in the case k = 1 , the previous equations are the evolution 
equations of Lagrangian mechanical system Ei = (M,L(x,y),Fe (x, y) ) . 
Also, the equation (5.3.1) for k = 1 are the Lagrange equations for 
Riemannian or Finslerian mechanical systems. These arguments jus- 
tify the introduction of previous Postulate. 

Examples. 1° Let L^ n = (M,L(jc,yW, ..., y^)) be a Lagrange space 

o(k)i 

of order k > 1, and z be its Liouville d— vector field of order k. 
Consider the external forces 



Fe = hz 



(k)i d 



dyW 



he 



(5.3.3) 



Thus,Z^ = (M,L(x,y (1) ,...,y w )),Fe(x,y (1) ,...,y w ) is a Lagrangian 
mechanical system of order k. 

o{k)j 

The covariant component Fj ofFe is Ft = hgjjz , which substitute 
in (5.3. 1) give us the Lagrange equations of order k for the considered 
mechanical system. 

In the general case of mechanical systems L L k is important to prove 
the following property: 

Theorem 5.3.1. The Lagrange equations (5.3.1) are equivalent to the 
following system of differential equations of order k+ 1; 



d k+lJ 



o I 



dt k 



dx 



1 dt 



r + (k+l)!G(x,-,...,--f- k =-F 



dt 'k dt k 



k\ 



(5.3.4) 



o I 



with the coefficients G (x,y^\ ...,y^ k ')from (5.2.9). 
Proof. We have 
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d dL dL dL dL 2 d k+l xJ 

Jt dyW ~ dy( k - 1 ) 1 ~ dyW ~ dyi*' 1 )* + k~\ 8ij dt k + l '' 

It follows 

M + fyfr*- *)=%*. (5.3.4, 



dt k+1 2 6 V dy {k)j dy( k - l )JJ 2 
But the previous equations is exactly (5.3.4), with the coefficients (k + 
1)G given by (5.2.9). 



In initial conditions: (x') = x' Q , I — J = y { ' , ..., — I — F J 



Vq , locally there exists a unique solution of evolution equations 

(5.3.4): x 1 =x i (t), yW = yW i (t),...,y® i = yW(t), t G (a,6) which 
express the moving of the mechanical system Z^t. 

But, it is convenient to write the k— Lagrange equations (5.3.4) in 
the form 

JDi — ^ (pi _ 1 d x 1 (k)i _ 1 d x l 

y dt ,y 2dt 2, '" ,y k\dt k 

(5.3.5) 

^ + (k+l)G\xJi\...JV)= l -F i (x^\...y( k ^ 

These equations determine the trajectories of the vector field S on the 
acceleration space T k M: 



S = yW>A- + 2y^-?- + ...+k/ k ) i -4 



dx' dyW '" dy( k ~ 

° l d Id 



\)i 



(5.3.6) 



a y (*)»' 2 dyW 

or 

5 = 5 + -Fe (5.3.6') 

2 

o 

where 5 is the canonical k— semispray of the Lagrange space of order 

k, LS k ^ n = (M,L). Consequently, we have: 
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Theorem 5.3.2. 1° For the Lagrangian mechanical system of order k, 
Z L k the operator S from (5.3.6) is a k—semispray which depend only 
on the mechanical system E L k. 

2° The integral curves of S are the evolution curves given by La- 
grange equations (5.3.5). 

S is called the canonical semispray ofL L k or it is called the dynam- 
ical system ofZ L k, too. 

The coefficients G' of the canonical k— semispray S are: 

(fc+l)G J '=(£+l)G --F 1 . (5.3.7) 

In the example (5.3.3) the canonical £— semispray has the coeffi- 
cients 

(k+l)(? = {k+l)G-^zW. (5.3.8) 

Of course, the vector field S on the manifold of the acceleration of 
order k > 1, T k M being a dynamical system it can be used for inves- 
tigate the qualitative problems, as stability of solutions, equilibrium 
points etc. 

Now, we can study the canonical nonlinear connection of the me- 
chanical system E L k. 



5.4 Canonical nonlinear connection of mechanical 
system E L k 

Let G l be the coefficients of the canonical semispray S of mechanical 
system E L k. Thus 

G ' = °-2(*TT) F ' (5A1) 



where 



o< i 

G = g lJ 

2(k+lf 



dL dL 



dy( k )J dy^-^J 



(5.4.2) 



o I o i 

The dual coefficients M ,...,M of the canonical nonlinear connection 

1 j k j 

N of Lagrange space U- k >" = (M,L) are given by (5.2.10): 
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oi 

i dG ° ' loo' o i o m 

1 j dyWJ 2j 2 Ij 1 m 1 j 4 



O * lOO^ O * O F?l 

M =-(SM +M M ). 



By virtue of (5.3.6'): 

° 1 
S = S + -F<? (5.4.4) 

2 

the dual coefficients M' , ...,M' of canonical nonlinear connection JV 

1 ./' * j 



of Z L t can be written: 



1 dF' 

M l =M 



ij ij 2(k+l)dy( k+1 )J 



M [ = -{SM l +M 1 M m ) (5.4.5) 

2 j 2 1 j 1 m 1 ; 



where 



M ! ' =-(SM i +M { M m ) 
(k)j k k-lj 1 „jt-lj 



■ ° ■ 1 
SM' =SM l +-Fe(M l ), a = l,2,...,fc-l. (5.4.6) 

a ; a ; 2 a / 



The coefficients N l ,...,N l of iV are given by the formulas 



!; «, 



N l =M< N l =M l - N m M l -...-N m M l , (a = 2, ...,*). 
!j !; («); a J («-l)y(l) m (1); («-!)« 

(5.4.7) 

8 
The adapted basis -jr^ (i = l,...,n) to the distribution TV and the 

ox' 
adapted basis to the vertical distributions V\,...,Vk'- 

8 8 8 

(5.4.8) 



8x*'8yW'"'8y( k ) i 
can be explicitly written. 
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Its dual adapted basis 

(8x l ,8y^ i ,...,8y^ 1 ) (5.4.9) 

has the following expression: 

8x l = dx\ 8yW = dyW + MUxJ, ..., 8yW = dy^+ 

(5.4.9') 
+M i dy { - k - v >i + ...+M i dx j . 

By using the Definition from part II, equations (1.5.9), we have 

Theorem 5.4.1. The autoparallel curves of the canonical nonlinear 
connection N of the mechanical system L L k are given by the following 
system of differential equation 

5/ l » _ SyW _ 

* = '"" "\ = (5.4,0, 

^1= V (1)< _L^ =v (*)i 
dt y ''"'k\dt k y ' 

Theorem 5.4.2. The variation of the Lagrangian L along the autopar- 
allel curves of the canonical nonlinear connection N are given by 

dL 8L dx l 
dt 8x l dt 

Corollary 5.4.1. The Lagrangian L of the space LW n = (M,L) of a 
mechanical system E L k is conserved along the autoparallel curves of 

8L dx l 
the canonical nonlinear connection N iff the scalar product -=—; — 

8x' dt 
vanishes. 

b 

Remark 5.4.1. The Bucataru's nonlinear connection N of the mechan- 
ical system Z L k has the coefficients 
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b' dG 1 dF l 



(l). dyWJ 2(k+l)dy( k )J 

N i= dG +^ d Ji- (5.4.12) 

(2). dy( k - l )J 2(k+l)dy( k ~ l )J 



dG 1 dF l 

N' =r-T7V- + ' 



(k)j dyO)J 2{k+l)dyO)J' 

This nonlinear connection depend only on the mechanical system L L t, 
too. Sometime A^ is more convenient to solve the problems of the ge- 

b 

ometrization of mechanical system L L t . 



5.5 Canonical metrical A^— connection 

Let N be the canonical nonlinear connection with the coefficients 

b 
(5.4.7) or TV being the Bucataru's connection N with the coefficients 
(5.4.12). An TV— linear connection D with the coefficients Dr(N) = 
(L' jh , C' , ..., C ) is metrical with respect to the metric tensor gij of 

{1) jh Wjh 
the mechanical system E L k (cf. ch. 2, part II) if the following equations 
hold: 

(«) 
fty|A = 0, gij | h = 0, {a = l,...,k). (5.5.1) 

Thus, the theorem ... implies: 

Theorem 5.5.1. The we have: 

(I) There exists a unique N— linear connection D on T k M satisfying 
the axioms: 

(1) N is the canonical nonlinear connection of the Lagrange space 
ljk)n ( or pj i s Bucataru nonlinear connection); 

(2) gij]u = 0, (D is h— metrical); 

(a) 

(3) gij | h — 0, (a = 1, ...,k) (D is v a — metrical); 

(4) Tj h = (D is h— torsion free); 

(5) S ' =0 (D is v a — torsion free). 
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(II) The coefficients Cr(N) = (LJ 7 -, C h ,... 1 C h )ofDare given by the 

Mi] Wy 
generalized Christoffel symbols 



L h . = -g hs ( 5gis | 5gsj - 5gij 



11 2 6 \8xJ 8x* 8x s 
(III) D depends only on the mechanical system E L k. 



c;=M^+!a-^ 



The iV— metrical connection D is called the canonical metrical con- 
nection of the Lagrangian mechanical system of order k>\ Z L k. 

Now, one can affirm: the geometrization of Z L k can be developed 
by means of the canonical semispray S and by the geometrical object 
fields: L,gij,N, andCr(N). 



5.6 The Riemannian (k—\)n almost contact model of 
the Lagrangian mechanical system of order k, E L k 

N being the nonlinear connection with the coefficients (5.4.7) (or with 

the coefficients (5.4.12)) and (8x i ,8y^ i ,...,8y^ i ) be the adapted 
cobasis to the direct decomposition (5.1.12). 
Consider the TV— lift G of the metric tensor gif. 

G = gtjdx'^dxJ+g.jSy^ 1 <g> SyWi + ... +gij8yW J ® Sy®'. (5.6. 1) 

Thus, G is a semidefinite Riemannian structure on the manifold T k M 
depending only on E L k . 

The distributions {N,N, .... N , VA are two by two orthogonal with 

1 Jfc-l 

respect to G. 

The nonlinear connection TV uniquely determines the (k— \)n— almost 
contact structure F by: 

d ( 8 \ ( d \ 8 



(-) 

\8x'J 



dyW ySyWJ ' ''"' ' \dyWJ Sx' 

(5.6.2) 
Indeed, it follows: 
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Theorem 5.6.1. (1)F is globally defined on the manifold T k M and 

depend on E L k, only. 
(2)kerF = N { ©7V 2 © ... ®N k -2, ImF = /V © V k . 
(3)rank||F|| = In. 
(4)F 3 +F = 0. 

So, F is an almost (k— \)n— contact structure on the bundle of ac- 
celeration of order k, T k M. 



Let I £, £,..., £ , a = \,...,n, be a local basis adapted to the 

\la la (k-l)aj 

la 2a (fc-l)fl 

direct decomposition /V©... © iV and 77,77,..., 77 its dual basis. 

1 k— 1 

Thus the set 

la (£-l)a\ 

F,£,.., § ,77,..., 77 ,(a=l,...,n) (5.6.3) 

la (Jfc-l)a / 

is a (fc— l)n— almost contact structure. 
Indeed, we have 

F UJ =0,77 (!j = K'fora^/3, (o,J8 = l,...,n-l) 

(5.6.4) 
and 

f 2 (x) = -x + £ £ a rf (*) £, vx e ,r (r*M) 

=ia=i aa (5.6.5) 



a- 



a a 

^ 77 oF = 0. 
The Nijenhuis tensor Afc is expressed by 

A^ F (X,y) = [FX ,FY] +W 2 (X J) -F[FX J] -F[X ,FY}. (5.6.6) 
The structure (5.6.5) is normal if: 

n fc-l . 

/v F (x,y) + £ £ /77 a (x,y) = 0, vx,y e &{T k M). (5.6.7) 

a=l a=l 
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A characterization of the normality of structure (4.6.7) is as follows: 

I >- a b\ 
Theorem 5.6.2. The almost (k— \)n— contact structure I F, g , r\ ] is 

normal, if and only if, for any vector fields X ,Y on T k M we have 

n k-\ 

EE 

0=1 a=l 



N ¥ (XJ) + ^^d(y^ a )(XJ)=0. (5.6.8) 



Thus, we can prove: 

Theorem 5.6.3. The pair (G,F) is a Riemannian (k— Y)n— almost 

contact structure on T k M, depending only on the Lagrangian mechan- 
ical system of order k>\, Z L k. 

Indeed, the following condition holds: 

G(WX,Y) = -G(¥Y,X), \/X,Y e JT(7^M). (5.6.9) 

Therefore, the triple (T k M, G,F) is called the Riemannian (k— l)n— 
almost contact model of the mechanical system Z L k . It can be used to 
solve the problem of geometrization of mechanical system L L k. 



5.7 Classical Riemannian mechanical system with 
external forces depending on higher order 
accelerations 

Let us consider the classical Riemannian mechanical systems 

E#=(M,T,Fe), (5.7.1) 

1 dx' dx J 

with T = -YiAx) as kinetic energy and the external forces de- 

2 ,,jK ' dt dt &J 

pending on the acceleration of order 1,2, ...,&, i.e. Fe(x,y^\ ...j"). 
The problem is what kind of evolution equations can be postulate in 
order to study the movings of these systems? 

Of course, in nature we have such kind of mechanical systems. For 
instance, the friction forces, which action on a rocket in the time of 
its moving are the external forces depending by higher order acceler- 
ations. But, it is clear that the classical Lagrange equations: 



5.7 Classical Riemannian mechanical system with external forces depending on higher order accelerati2»Jfi 

d (3(2T(x, y m))\ 3(2T(x, y m) 1 = Fi ((1)) /l}) 



dt 



\ dyW J dx' 



have the form 

d 2 x l .- , .dx-i dx h 1 ;„. . f dx 1 d k x\ 

and for k > 2 it is not a differential system of equations of order 2, like 
in the classical Lagrange equations. 

We solve this problem by means of the prolongation of order k of 
the Riemannian space M n = (M, y- (x)). 

Let E@ = (M,2T,Fe) a mechanical system of form (5.7.1) with 

1 ■ ■ ( ■ dx'\ 

T = -Yij(x)y( 1 ) l y( 1 H , I y^' = — I as kinetic energy. Thus the Rie- 



2' yv " J ' V A, 

mannian space ^ n = (M, yy(x)) can be prolonged to the Riemannian 

space of order k > 1 Vxo\ k M n = (T k M, G), where 

G = Yij(x) 8x { ® &e> + y y (jc) 5y (1)/ ® 5y (1 ^' + . . . + y y (*) 5v w ' ® 5y (fc) ^'. 

(5.7.2) 
The 1-forms 8x l , 8y^ 1 ' 1 , ..., 8y^ k ' 1 being determined as follows: 

8x ( = dx\ 8y^ f = dyW i + M i dxJ,...,8yW i = dy^ l + 

(5.7.3) 
+M'dy^- 1 > + ...+M'dxJ. 

In these formulas M l (a = l,...,k) are the dual coefficients of a 

(a)j 

o 

nonlinear connection N determined only on the Riemannian structure 
YiAx). That are 
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0„v 



m' (x v^ 1 ) v( 2 h = - I rw -I- M' M m . 

IT" ,y ] 2l 1 S/?) H wJ (5-7.4) 



M r '(x,yW,...,yW) = - [r M ! '+M' M m |, 
r being the nonlinear operator: 

Thus, (cf. ch. ...) the dual coefficients M (5.7.4) and the primal coef- 

(«) 
ficients N (5.4.7) depend on the Riemannian structure YjAx), only. 
(«) 
Now the Lagrangian mechanical system of order k: 

L Prolkmn = (M,L(x,yM,...,yW)), Fe{x,yM,yM), 

L= 7lJ (x)z^z^, ( 5.7.6) 

fe(*)' = fcyW' + M' y^- 1 )'" + ... + M ' y (1)m , 

depend only on Z^« . It is the prolongation of order fc of the Rieman- 
nian mechanical system (4.7.1), Eggn. 

We can postulate: 

The Lagrange equations of Eggn are the Lagrange equations of the 
prolonged Lagrange equations of order k, E Pro ik^ n : 

d_ ( dL(xJ l \...,yM) \ _ dL(xJ l \...,yW) _ (1) {k) 

dt\ dyW J dy^-™ 



l ( 



(l)i = ^ y(k)i = L^JL 

y dt''"' y k\dt k ' 

(5.7.7) 
Applying the general theory from this chapter, we have 

Theorem 5.7.1. The Lagrange equations of the classical Riemannian 
systems E& with external forces depending on higher order accelera- 
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tions are given by 

^ + (*+ 1)!G (x,yW, ...,y«) = l -k\F'(xJ l \...J k )) 

(5.7.8) 



dL dL 



l) 



L = y lJ (x)z {k) 'z {k)j . 
The canonical semispray of E@> is expressed by 

dx 1 3y(*-l)» v ' dy( k )' 2 dy( k )' 

(5.7.9) 

The integral curves of S are given by the Lagrange equations (5.7. 15). 

The canonical semispray S is the dynamical system of the classical 

Lagrangian mechanical system Egg with the external forces depending 

on the higher order accelerations. 



5.8 Finslerian mechanical systems of order k, L F k 



The theory of the Finslerian mechanical systems of order k is a natural 
particularization of that of Lagrangian mechanical systems of order 
k > 1, described in the previous sections of the present chapter. 



Definition 5.8.1. A Finslerian mechanical system of order k > 1 is a 
triple: 

E Fk = {M,F{x,J 1 \...,yW)),Fe{x,J 1 \...,J% (5.8.1) 

where 

F®*=(M,F{x,yV,...,y®)) (5.8.2) 

is a Finsler space of order k > 1 , and 

Fe(xJ l \...JV)=F>(xJ l \...JV)-^ (5.8.3) 

is an a priori given vertical vector field. 

F(x,y( l >,...y( k ') is the fundamental function of E F k, 
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1 d 



Sij 



IdyWdyW 



(5.8.4) 



is the fundamental tensor of E F k and Fe are the external forces. 

The Euler-Lagrange equations of F$> n are given by (5.2.5) Ei(F 2 ) — 
dx l ua; 1 d k x l 



0, yW 



,-,y 



(k)i 



and the Craig-Synge covector field is 



dt' "'• / it! dt k 

E k ~ l (F 2 ) from (5.2.7). Theorem 5.2.1 for L = F 2 can be applied. 

o 

Thus, the canonical semispray S of F^ k ' n is: 



S = y 



(l)i_ 



+ 2v 



(2)i. 



with the coefficients: 



7 + ...+ky 



(k)i. 



dy( k ~ l )i 



(k+l)G 



dyW 

(5.8.5) 



{k+l)G = l -gV 



r 



dF 2 



dF 2 



dy( k ) 1 dy( k ~ 



l / 



and with nonlinear operator 

r = y ^4-+2y {2)i 



dx' 



dyW 



Wi + ...+ky 



(k)i. 



dy( k -V 



(5.8.6) 



(5.8.7) 



The canonical nonlinear connection N of F^ k >" has dual coefficients 
(5.2.10) particularized in the following form: 



o ' 

M 

!; 

o i 
M 

2 J 



dG 

dy( k )J 

o o i o ' o m 

-(SM +M M ), 

L [ j l m [ j 



o ' o o ' o i o m 

M =-(SM + M M ) 

K i /v K. 1 i A. 1 ill A. 1 i 



(5.8.8) 



The fundamental equations of the Finslerian mechanical systems of 
order n > 1 , Lf« are given by 

Postulate 4.8.1. The evolution equations of the Finslerian mechanical 
system E F k = (M,F,Fe) are the following Lagrange equations 
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d dF 2 dF 2 . 

JfdZWt - dy(k-l)i ~ FU F ' ~ 8 'J F ' 

(5.8.9) 

mi = &L (k)i = }_^A 

y dt'"' ,J k\dt k ' 

Remark 5.8.1. For k—l, (5.8.8) are the Lagrange equations of a Fins- 
lerian mechanical system Ep = (M,F,Fe). 

The Lagrange equations are equivalent to the following system of 
differential equations of order k + 1 : 



d k+1 x { k\ ij 
1t k ^ r + ^ 8 



p dF 2 dF 2 



k\ , 

—F 1 . (5.8.10) 

2 



Integrating this system in initial conditions we obtain an unique so- 
lution x l = x l (t), which express the moving of Finslerian mechanical 
system E F k. 

But it is convenient to write the system (5.8.9) in the form (5.3.5): 

JX)i = ^L V (2)/ = I^ v (*)* = i^ 
y dt" y 2dt 2 "'"" y k\ dt k 

(5.8.11) 

rf v (k)i o i 1 

^— + (k+l)G(xJ l \...J k )) = -F i (x,yW,...,yW). 
dt 2 

These equations determine the trajectories of the vector field 

S=°S + -Fe. (5.8.12) 

2 

Consequently, we have: 

Theorem 5.8.1. 1° For the Finslerian mechanical system of order k > 
1, Z F k the operator S from (5.8.12) is a k—semispray which depend 
only on E F k. 

2° The integral curves ofS are the evolution curves ofE F k. 

S is the canonical semispray of the mechanical system E F k. It is 
named the dynamical system of Ef", too. 

The geometrical theory of the Finslerian mechanical system E F k 
can be developed by means of the canonical semispray S, applying 
the theory from the sections 5.4, 5.5, 5.6 from this chapter. 
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Remark 5.8.2. Let Lp = (M, F, Fe) be a Finslerian mechanical system, 
where Fe depend on the higher order accelerations. What kind of La- 
grange equations we have for Lpl 

The problem can be solved by means of the prolongation of Finsler 
space F n = (M, F) to the manifold T k M, following the method used 
in the section 5.7 of the present chapter. 



5.9 Hamiltonian mechanical systems of order k > 1 

The Hamiltonian mechanical systems of order k > 1 can be studied 
as a natural extension of that of Hamiltonian mechanical systems of 
order k — 1, given by L H = (M,H(x,p),Fe(x,p)), ch. 4, part II. 
So, a Hamiltonian mechanical system of order k > 1 is a triple 

L& = (M,H(xJ 1 \...J k ^),p),Fe(xJ 1 \...J k - l \p) (5.9.1) 

where 

H^ = (M,H(xJ l \...J k -V) lP ) (5.9.2) 

is a Hamilton space of order k > 1 (see definition 5.1.1) and 

Fe(J l \...J k - 1 \p)=F i (xJ 1 \...J k ' l \p)d i (5.9.3) 

are the external forces. 

Of course, d' = - — . 
opi 

Looking to the Hamilton-Jacobi equation of the space H^ k ' n we can 
formulate 

Postulate 5.9.1. The Hamilton equations of the Hamilton mechanical 
system L H k are as follows: 
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1 



JT = 


-2 H 




dx l 


dJ$? 




dt 


dpi 




dpi 
dt 


dJ$? d dJf 
dxi dt dyO) 1 


•• + (-1) 


yW< 


d* 1 (2)j 1 ^ x ' 
~ dt" y 2 dt 2 "'" 


,y(*-l) = 



1 J </*- <9j^ 1 



i d*-V 



(*-l)! A*" 1 ' 

(5.9.4) 
It is not difficult to see that these equations have a geometric mean- 
ing. 

For k — 1 the equations (5.9.4) are the Hamilton equations of a 
Hamiltonian mechanical system Ejj = (M,H(x,p),Fe(x,p)) . 

These reasons allow us to say that the Hamilton equations (5.9.4) 
are the fundamental equations for the evolution of the Hamiltonian 
mechanical systems of order k>\. 

Example 5.9.1. The mechanical system E H k with 

H(xJ l \...J k - l \p) = afty( 1 ) ) ."J N) )w. (5-9-5) 

"fi being a Riemannian metric tensor on the manifold j\ k ^ x ) n and 
with 

Fe = P i (xJ l \...J k -V)d' (5.9.5') 

j8,- is a d— covector field on T k ~ l M and a > a constant. 
Let us consider the energy of order k — 1 of 






r*-i(H)-J_-/*- 2 (#)+. 


.+ 


1 d^~ 2 

(*-l)Idr*-2 (H) *' 





(5.9.6) 



where 

/(% = JS?! //, ...J k l H = J2U. 
r r 

Theorem 5.9.1. 77ze variation of energy S (H) along the evolution 
curves (5.9.4) can be calculate without difficulties. 
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Thus, the canonical nonlinear connection N* of E H k is given by the 
direct decomposition (5.1.11), and has the coefficients N' ,..., N \ 

(1); (k-l)j 

Na from (5.1.12') and its dual coefficients M,..., M from (5.1.14). 

(l) (*-i) 

We can calculate the Liouville vector fields z^',---, z' ' from (5.1.17). 
The metrical N* — linear connection has the coefficients Dr(N*) = 

(H^C 1 ,C/' V ) given by (5.5.2). 

Now we can say: The geometries of the Hamiltonian mechanical 
systems of order k > 1, E H k can be constructed only by the funda- 
mental equations (5.9.4), by the nonlinear connection of E H k and by 
the N* -metrical connection Cr(N*). 

Remark 5.9.1. The homogeneous case of Cartanian mechanical sys- 
tems of order *, E^ k = (M,K(x,y^\...,y^-^),p), Fe(x,y^\ ..., 
j(n)p) i s a direct particularization of the previous theory for H(x, y( l \ 
..., yC*" 1 ),/?) = K 2 (x,y( l \ ..., y( k - x \p), where K(x,y( l \ ...,y^~ l \p) 
is k— homogeneous with respect to variables (y^\ ...,y( k ~ l \p). 
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